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Abstract 

In the symplectic category there is a 'connect sum' operation that glues symplectic man- 
ifolds by identifying neighborhoods of embedded codimension two submanifolds. This paper 
establishes a formula for the Gromov-Witten invariants of a symplectic sum Z = XjfY in 
terms of the relative GW invariants of X and Y . Several applications to enumerative geometry 
are given. 



Gromov-Witten invariants are counts of holomorphic maps into symplectic manifolds. To 
define them on a symplectic manifold (X,u) one introduces an almost complex structure J 
compatible with the symplectic form ui and forms the moduli space of J-holomorphic maps from 
complex curves into X and its compactiheation, called the space of stable maps. One then 
imposes constraints on the stable maps, requiring the domain to have a certain form and the 
image to pass through fixed homology cycles in X. When the right number of constraints are 
imposed there are only finitely many maps satisfying the constraints; the (oriented) count of these 
is the corresponding GW invariant. For complex algebraic manifolds these symplectic invariants 
can also be defined by algebraic geometry, and in important cases the invariants are the same as 
the curve counts that are the subject of classical enumerative algebraic geometry. 

In the past decade the foundations for this theory were laid and the invariants were used to 
solve several long-outstanding problems. The focus now is on finding effective ways of computing 
the invariants. One useful technique is the method of 'splitting the domain', in which one localizes 
the invariant to the set of maps whose domain curves have two irreducible components with the 
constraints distributed between them. This produces recursion relations relating the desired GW 
invariant to invariants with lower degree or genus. This paper establishes a general formula 
describing the behavior of GW invariants under the analogous operation of 'splitting the target'. 
Because we work in the context of symplectic manifolds the natural splitting of the target is the 
one associated with the symplectic cut operation and its inverse, the symplectic sum. 

The symplectic sum is defined by gluing along codimension two submanifolds. Specifically, 
let X be a symplectic 2n-manifold with a symplectic (2n — 2)-submanifold V. Given a similar 
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pair (Y, V) with a symplectic identification between the 2 copies of V and a complex anti- 
linear isomorphism between the normal bundles Nx and Ny of V in X and in Y we can form 
the symplectic sum Z = Xj^yY . Our main theorem is a 'Symplectic Sum Formula' which 
expresses the GW invariants of the sum Z in terms of relative GW invariants of (X, V) and 
(Y,V) introduced in §P4|. 

The symplectic sum is perhaps more naturally seen not as a single manifold but as a family 
depending on a 'squeezing parameter'. In Section 2 we construct a family Z — » D over the disk 
whose fibers Z\ are smooth and symplectic for A / and whose central fiber Zq is the singular 
manifold X Uy Y . In a neighborhood of V, the total space Z is iVx © iVy, regarded as a subset 
of 1 x 7 by the symplectic neighborhood theorem, and the fiber Z\ is defined by the equation 
xy = A where x and y are coordinates in the normal bundles Nx and Ny — N x . The fibration 
Z — > D extends away from V as the disjoint union ofXxD and Y x D, The smooth fibers Z^, 
depicted in Figure 1, are symplectically isotopic to one another; each is a model of the symplectic 
sum. 

The overall strategy for proving the symplectic sum formula is to relate the holomorphic 
maps into Zq (which are simply maps into X and Y which match along V) with the holomorphic 
maps into Z\ for A close to zero. This strategy involves two parts: limits and gluing. For the 
limiting process we consider sequences of stable maps into the family Z\ of symplectic sums as 
the 'neck size' A —* 0. In Section 3 we show that these limit to maps into the singular manifold 
Zq obtained by identifying X and Y along V. Along the way several things become apparent. 

First, the limit maps are holomorphic only if the almost complex structures on X and Y 
match along V. To ensure that we impose the "^-compatibility" condition (1.10) on the almost 
complex structure. There is a price to pay for that. In the symplectic theory of Gromov-Witten 
invariants we are free to perturb (J, v) without changing the invariant; that freedom can be used 
to ensure that intersections are transverse. After imposing the ^-compatibility condition we can 
no longer perturb (J, v) along V at will, and hence we cannot assume that the limit curves are 
transverse to V. In fact, the components of the limit maps meet V at points with multiplicities 
and, worse, some components may lie entirely in V. 

To count such maps into Zq we look first on the X side, ignore the maps with components in 
V, separate the moduli space of stable maps into components Ai s (X) labeled by the multiplicities 
s = (si, . . . , sg) of their intersection points with V. We showed in pP4| how these spaces M S (X) 
can be compactified and used to define relative Gromov-Witten invariants GW X . The definitions 
are briefly reviewed in Section 1. 




Second, as Figure 1 illustrates, connected curves in Z\ can limit to curves whose restrictions 
to X and Y are not connected. For that reason the GW invariant, which counts stable curves 
from a connected domain, is not the appropriate invariant for expressing a sum formula. Instead 
one should work with the 'Taubes-Witten' invariant TW, which counts stable maps from domains 
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that need not be connected. Thus we seek a formula of the general form 



TW\ * TW^ = TW Z (0.1) 

where * is some operation that adds up the ways curves on the X and Y sides match and are 
identified with curves in Z\. That necessarily involves keeping track of the multiplicities s and 
the homology classes. It also involves accounting for the limit maps with non-trivial components 
in V; such curves are not counted by the relative invariant and hence do not contribute to the 
left side of (|0.1| ). We postpone this issue by first analyzing limits of curves which are 5 -flat in 



the sense of Definition 3.1 



A more precise analysis reveals a third complication: the squeezing process is not injective. 
In Section 5 we again consider a sequence of stable maps f n into Z\ as A — > 0, this time focusing 
on their behavior near V, where the f n do not uniformly converge. We form renormalized maps 
f n and prove that both the domains and the images of the renormalized maps converge. The 
images converge nicely according to the leading order term of their Taylor expansions, but the 
domains converge only after fixing certain roots of unity. 

These roots of unity are apparent as soon as one writes down formulas. Each stable map 
/ : C — > Zq decomposes into a pair of maps f\:C\—*X and j% : C% — > Y which agree at the 
nodes of C = C\ U Ci- For a specific example, suppose that / is such a map that intersects V at 
a single point p with multiplicity three. Then we can choose local coordinates z on C\ and w on 
C2 centered at the node, and coordinates lonl and y on Y so that f± and have expansions 
x(z) = az 3 + • • • and y(w) = bw 3 + • • • . To find maps into Z\ near /, we smooth the domain C to 
the curve given locally near the node by zw = \i and require that the image of the smoothed 
map lie in Z\, which is locally the locus of xy = A. In fact, the leading terms in the formulas for 
fi and /2 define a map F : C M — > Z\ whenever 

A = xy = az 3 ■ bw 3 = ab(zw) 3 = ab 

and conversely any family of smooth maps with limit to / satisfy this equation in the limit (c.f. 



Lemma 5.4). Thus A determines the domain C a up to a cube root of unity. That means that 
this particular / is, at least a priori, close to three smooth maps into Z\ — a 'cluster' of order 
three. 

Other maps / into Zq have larger associated clusters (the order of the cluster is the product of 
the multiplicities with which / intersects V). Within a cluster, the maps have the same leading 
order formula but have different smoothings of the domain. As A — » the maps within the cluster 
coalesce, limiting to the single map /. 

This clustering phenomenon greatly complicates the analysis. To distinguish the curves within 
each cluster and make the analysis uniform in A as A —* it is necessary to use 'rescaled' norms 
and distances which magnify distances as the clusters form. With the right choice of norms, the 
distances between the maps within a cluster are bounded away from zero as A — > and become 
the fiber of a covering of the space of limit maps. Sections 4- 6 introduce the required norms, 
first on the space of curves, then on the space of maps. 

For maps we use a Sobolev norm weighted in the directions perpendicular to V; the weights 
are chosen so the norm dominates the C° distance between the renormalized maps /. On the 
space of curves we require a stronger metric than the usual complete metrics on M g , n - In section 
4 we define a complete metric on M g . n \M where is the set of all nodal curves. In this metric 
the distance between two sequences that approach J\f from different directions (corresponding to 
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the roots of unity mentioned above) is bounded away from zero; thus this metric separates the 
domain curves of maps within a cluster. The metric leads to a compactification of Ai gn \ N in 
which the stratum Me of ^-nodal curves is replaced by a bundle over Nt whose fiber is the real 
torus T . 



The limit process is reversed by constructing a space of approximately holomorphic maps and 
showing it is diffeomorphic to the space of stable maps into Z\. The space of approximate maps 
is described in Section 6, first intrinsically, then as a subset AA4 S of the space of maps. For each 
s and A it is a covering of the space M s (Zq) of the 5-flat maps into Zq that meet V at points 
with multiplicities s. The fibers of this covering are the clusters - they are distinct maps into Z\ 
which converge to the same limit as A — > 0. 

From there the analysis follows the standard technique that goes back to Taubes and Don- 
aldson: correct the approximate maps to true holomorphic maps by constructing a partial right 
inverse to the linearization D and applying a fixed point theorem. That involves (a) showing that 
the operator D*D is uniformly invertible as A — > 0, and (b) proving a priori that every solution 
is close to an approximate solution, close enough to be in the domain of the fixed point theorem. 



Proposition 9A shows that (b) follows from the renormalization analysis of Section 4. But the 
eigenvalue estimate (a) proves to be surprisingly delicate and seems to succeed only with a very 
specific choice of norms. 

The difficulty, of course, is that Z\ becomes singular along V as A —* 0. However, for small 
A the bisectional curvature in the neck region is negative; a Bochner formula then shows that 
eigenfunctions with small eigenvalue cannot be concentrating in the neck. One can then reason 
that since the cokernel of D vanishes on Zq (for generic J) it should also vanish on Z\ for 
small A. We make that reasoning rigorous by introducing exponential weight functions into the 
norms, thereby making the linearizations D\ a continuous family of Fredholm maps. That in 
turn necessities further work on the Bochner formula, bounding the additional term that arises 
from the derivative of the weight functions. These estimates are carried out in Section 8. 

The upshot of the analysis is a diffeomorphism between the approximate moduli space and 
the true moduli spaces 

AMs(Z x ) M S (Z X ) 
which intertwines with the attaching map of the domains and the evaluation map into the target 



(Theorem 10.1). We then pass to homology, comparing and keeping track of the homology classes 
of the maps, the domains, and the constraints. This involves several difficulties, all ultimately 
due to the fact that H*{Z\) is different from both H*(Zq) and H*(X) © H*(Y). This is sorted 
out in Section 10, where we define the convolution operation and prove a first Symplectic Sum 
Theorem: formula ([O]) holds when all stable maps are <5-flat. 

In Sections 11 and 12 we remove the flatness assumption by partitioning the neck into a 



large number of segments and using the pigeon-hole principle as in Wieczorek [W]. For that we 
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these degenerate to the singular space obtained by connecting X to Y through a series of 2N 
copies of the rational ruled manifold Fy obtained by adding an infinity section to the normal 
bundle to V. An energy bound shows that for large iV each map into Z\([ii, . . . ,H2N+i) must 
be flat in most necks. Squeezing some or all of the flat necks decomposes the curves in Z\ into 
curves in X joined to curves in Y by a chain of curves in intermediate spaces Fy. The limit 
maps are then <5-flat, so formula ( p.l| ) applies to each. This process counts each stable map many 
times (there are many choices of where to squeeze) and in fact gives an open cover of the moduli 
space. Working through the combinatorics and inverting a power series, we show that the total 
contribution of the entire neck region between X and Y is given by a certain TW invariant of 
Fy — the S-matrix of Definition flLl.3 ). 

The S'-matrix keeps track of how the genus, homology class, and intersection points with V 
change as the images of stable maps pass through the middle region of Figure 2. Observing this 
back in the model of Figure 1, one sees these quantities changing abruptly as the map passes 
through the neck — the maps are "scattered" by the neck. The scattering occurs when some of 
the stable maps contributing to the TW invariant of Z\ have components that lie entirely in V 
in the limit as A — > 0. Those maps are not ^-regular, so are not counted in the relative invariants 
of X or Y. But by moving to the spaces of Figure 2 this complication can be analysized and 
related to the relative invariants of the ruled manifold Fy. 

The S-matrix is the final subtlety. With it in hand, we can at last state our main result. 



Symplectic Sum Theorem Let Z be the symplectic sum of (X, V) and (Y, V) and suppose 
that a € T(H*(Z)) splits as (ax, cty) o,s in Definition 10.5 . Then the TW invariant of Z is 
given in terms of the relative invariants of X and Y by 



TW z (a) = TW\(a x ) * Sy * TW^{a Y ) 
where * is the convolution operation ( 10. (\) and Sy is the S -matrix ^11. 3Q . 



(0.2) 



A detailed statement of this theorem is given in Section 12 and its extension to general constraints 
a is discussed in Section 13. We actually state and prove (|0.2[) as a formula for the relative 
invariants of Z in terms of the relative invariants of X and Y (Theorem 12.3). In that form the 
formula can be iterated. 



Of course, ([T^) is of limited use unless we can compute the relative invariants of X and Y and 
the associated S'-matrix. That turns out to be perfectly feasible, at least for simple spaces. In 
Section 14 we build a collection of two and four dimensional spaces whose relative GW invariants 
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we can compute. We also prove that the S-matrix is the identity in several cases of particular 
interest. 



The last section presents applications. The examples of section 14 are used as building blocks 
to give short proofs of three recent results in enumerative geometry: (a) the Caporaso-Harris 
formula for the number of nodal curves in P 2 |CH| , (b) the formula for the Hurwitz numbers 
counting branched covers of P 1 ( [ p JV ] [ LZZ] ]), and (c) the "quasimodular form" expression for 



the rational enumerative invariants of the rational elliptic surface ( [ |BL|| ) . In hindsight, our proofs 
of (a) and (b) are essentially the same as those in the literature; using the symplectic sum formula 
makes the proof considerably shorter and more transparent, but the key ideas are the same. Our 



proof of (c), however, is completely different from that of Bryan and Leung in [BL]. It is worth 
outlining here. 

The rational elliptic surface E fibers over P 1 with a section s and fiber /. For each d > 
consider the invariant GWd which counts the number of connected rational stable maps in the 
class s + df . Bryan and Leung showed that the generating series Fo(t) = J^GWa t d is 

m = nA^ • (o.3) 



This formula is related to the work of Yau-Zaslow [YZ| and is one of the simplest instances of 
some general conjectures concerning counts of nodal curves in complex surfaces — see [Go]. 

While the intriguing form fl0.3|) appears in ( [|BL| 1) for purely combinatorial reasons, it arises 
in our proof because of a connection with elliptic curves. In fact, our proof begins by relating 
Fq to a similar series H which counts elliptic curves in E. We then regard E as the fiber sum 
E#(T 2 x S 2 ) and apply the symplectic sum formula. The relevant relative invariant on the 
T 2 x S 2 side is easily seen to the generating function G(t) for the number of degree d coverings of 
the torus T 2 by the torus. The symplectic sum formula reduces to a differential equation relating 
Fo(t) with G(t), and integration yields the quasimodular form fl0.3| ). The details, given in section 
15.3, are rather formal; the needed geometric input is mostly contained in the symplectic sum 
formula. 

All three of the applications in section 15 use the idea of 'splitting the target' mentioned at 
the beginning of this introduction. Moreover, all three follow from rather simple cases of the 
Symplectic Sum Theorem — cases where the 5-matrix is the identity and where at least one of 
the relative invariants in ([T^) is readily computed using elementary methods. The full strength 
of the symplectic sum theorem has not yet been used. 



This paper is a sequel to [IP4|; together with |IP4] it gives a complete detailed exposition 
of the results announced in | IP3 |. Further applications have already appeared in |IP2(| and J|. 
Li and Ruan also have a sum formula flLR|. Eliashberg, Givental, and Hofer are developing a 



general theory for invariants of symplectic manifolds glued along contact boundaries EGH|. 
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1 GW and TW Invariants 



For stable maps and their associated invariants we will use the definitions and notation of |IP4|; 



those are based on the Gromov-Witten invariants as defined by Ruan-Tian [RT1] and Li-Tian 



[LT|. In summary, the definition goes as follows. A bubble domain B is a finite connected union 
of smooth oriented 2-manifolds Bi joined at nodes together with n marked points, none of which 
are nodes. Collapsing the unstable components to points gives a connected domain st(B). Let 
Mg,n — > -Mg,n be the universal curve over the Deligne-Mumford space of genus g curves with n 
marked points. We can put a complex structure j on B by specifying an orientation-preserving 
map i^o : st(B) — > Ug )n which is a diffeomorphism onto a fiber of U g ^ n . We will often write C for 
the curve {B,j) and use the notation (/, C) or (/, j) instead of (/,</>)■ 

A ( J, v)-holomorphic map from B is then a map (/,</>) :B-*Ix Mg,n where <p = 4>o o st and 
which satisfies djf = (j)*v on each component Bi of B. A stable map is a ( J, z^)-holomorphic 
map for which the energy 

EtfA) = \J\d<P\ 2 + \df\ 2 (1.1) 

is positive on each component B l . This means that each component Bi is either a stable curve 
or the restriction of / to Bi is non-trivial in homology. 

For generic (J, v) the moduli space M.g !n (X, A) of stable ( J, i^)-holomorphic maps representing 
a class A £ H2(X) is a smooth orbifold of (real) dimension 

-2K x [A]-^(dimX-6) X + 2n (1.2) 
Its compactification carries a (virtual) fundamental class whose pushforward under the map 

M g , n (X,A) ^ M g , n xX n 

defined by stabilization and evaluation at the marked points is the Gromov-Witten invariant 
GWx,A,g.n £ H :¥ (M.g tn x X n ). These can be assembled into a single invariant by setting M. = 
{J gi n-Mg,n, and introducing variables A to keep track of the euler class and tA satisfying t^tB = 
tA+B to keep track of A. The total GW invariant of (X, oo) is then the formal series 

GW X = ^ GW XA.g.ntA X 29 - 2 . (1.3) 

A,g,n 
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whose coefficients lie in H*(M) <£>T(X) where T(X) denotes the total tensor algebra T(H*(X)). 
This in turn defines the "Taubes-Witten" invariant 

TW X = e GWx 

whose coefficients count holomorphic curves whose domains need not be connected (as occur in 



The dimension ( |1.2| ) is the index of the linearization the (J, ^)-holomorphic equation, which 
is obtained as follows. A variation of a map / is specified by a £ G F(f*TX), thought of as a 
vector field along the image, and a variation in the complex structure of C = (B,j, x%, . . . , x n ) is 
specified by 

r 0,l 



k€T c M g , n * H°' 1 {TB®0{- y £ l x i )) (1.4) 

(tensoring with O(-x) accounts for the variation in the marked point x). Calculating the varia- 
tion in the path 

(ftJt) = (ex P/ (te), j + tk) (1.5) 
one finds that the linearization at (f,j) is the operator 

Dfj : T(f*TX) T c M g , n -» A^ifTX) (1.6) 
given by Dfj(£, k) = L(£) + Jf*k with 

(V^)H (1.7) 



mw = \ 



V w £ + JV jw £ + ^(V c J)(/*ju; + Jf,w - 2Jv{w)) 



where w is a vector tangent to the domain and V is the pullback connection on f*TX. Writing 
L as the sum of its J-linear component \{L + JLJ) = df + S and its J-antilinear component T, 
we have 

L(£)(w) =dfj£(w) + S(£,f*w,f*jw,w) + T(£,f*w,f*jw,w). (1.8) 

Here d = aj o V with aj the J-linear part of the symbol of L, T is the tensor onlxW with 
JT(£,X,Y,w) given by 

x - [(v x J) + J(Vy j)] £ + 1 [(Vj € J) - J(v e j)] (y + jx - 2j^H) + (v J5 ^ - jv^)H 

and S 1 is a similarly looking tensor. Note that since the first two terms of L are complex linear 
we have, for complex valued functions (j>, 

Ute) = ^ • e + <t>m + @- <f>)T(t). (i.9) 



The invariant GWx was generalized in [LP4 to an invariant of (X, u) relative to a codimension 



2 symplectic submanifold V. To define it, we fix a pair (J, v) which is '^-compatible' in the sense 



of Definition 3.2 in [IP4], that is, so that along V the normal components of v and of the tensor 
T in flLD satisfy 

(a) V is J-invariant and v N = 0, and (1-10) 
(6) r*(f , X, - i/, «>) = for all £ G iV> , X e TV and to 6 TC. 
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A stable map into X is called V -regular if no component of the domain is mapped entirely into 
V and no marked point or node is mapped into V. Any such map has only finitely many points 
x\, . . . , X£ in f~ l (V). After numbering these, their degrees of contact with V define a multiplicity 
vector s = (si, . . . ,st) and three associated integers: 

£(s)=£, degs = kl = 11^- ( L11 ) 

The space of all F-regular maps is the union of components 

M* n , a (X,A) C M x , n+i (X,A) 

labeled by vectors s of length i(s). This has a compactification that comes with 'evaluation' 
maps 

e v : M V x , n ,s{X, A) - M x>n x X n x H% iS . (1.12) 

Here «M xn is the space of stable curves with finitely many components, Euler class \ and n 
marked points, and 7~Cxa s is the 'intersection- homology' space described in section 5 of | IP4 |. 
There is a covering map e : ^ s -> H2(X) x V s whose first component records the class A and 
whose component in the space V s = records the image of the last £(s) marked points. This 
covering is a necessary complication to the definition of relative GW invariants. 

The complication occurs because of "rim tori" . A rim torus is an element of 

Tl = ker (t» : H 2 {X \ V) -> H 2 (X)) (1.13) 

where i is the inclusion. Each such element can be represented as -k~ 1 {^) where 7r is the projection 
Sy — > V from the boundary of a tubular neighborhood of V (the "rim of V" ) and 7 : S 1 — > V is 
a loop in V. The group 7Z is the group of deck transformation of the covering 

n — ► n\ 

J (1.14) 
H 2 (X)x\JV s . 

s 

When there are no rim tori (as is the case if V is simply connected) TL\ s reduces to H 2 {X) x V s 
and the evaluation map ( 1.12| ) is more easily described. 

The tangent space to M. x n s (X, A) is modeled on ker D s where D s is the restriction of (1.6) 
to the subspace where £ N has a zero of order Si at the marked points Xj, i = 1, . . . ,£. It follows 
that 

dimM% irha (X,A) = -2i^ x [^]-|(dimA-6) + 2n-2(degs-^(s)) (1.15) 



With this understood, the definition of the relative GW invariant parallels the above definition 
of GWx ■ the image moduli space under (p^) carries a homology class which, after summing on 
X, n and s, can be thought of as a map 

GWl A :T(H*(X)) — » H m (MxH%;®[\]). (1.16) 
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This gives the expansion 

Gw x = E GW Ia, 9 ,s tA A 29 " 2 (1.17) 

s ordered scq V ' ' 
deg s = A'V 

whose coefficients are (multi)-linear maps T(H*(X)) — > LM x Ti-xAs) (dividing by £(s)\ 
eliminates the redundancy associated with renumbering the last £ marked points). The corre- 
sponding relative Taubes-Witten invariant is again given by 

TWx* = exp (GWx). (1.18) 

After imposing constraints one can expand TW\ in power series. That is done in the appendix 
under the assumption that there are no rim tori. 



2 Symplectic Sums 

Assume X and Y are 2n-dimensional symplectic manifolds each containing symplectomorphic 
copies of a codimension two symplectic submanifold (V, %). Then the normal bundles are 
oriented, and we assume they have opposite Euler classes: 

e(N x V) + e(N Y V) = 0. (2.1) 

We can then fix a symplectic bundle isomorphism ip : N X V — ► NyV . 

This data determines a family of symplectic sums Z\ = X#y\Y parameterized by A near 
in C; these have been described in [Gf] and JMW]. In fact, this family fits together to form a 



smooth 2n + 2-dimensional symplectic manifold Z that fibers over a disk. In this section we will 
construct Z and describe its properties. 

Theorem 2.1 Given the above data, there exists a 2n+2- dimensional symplectic manifold (Z,u) 
and a fibration A : Z — > D over a disk DcC. The center fiber Zq is the singular symplectic 
manifold X Dy Y , while for A 7^ 0, the fibers Z\ are smooth compact symplectic submanifolds - 
the symplectic connect sums. 

This displays the Z\ as deformations, in the symplectic category, of the singular space XUyY. 



For A 7^ these are symplectically isotopic to one another and to the sums described in [Gf] and 



| MW ] 



The proof of Theorem 2.1 involves the following construction. Given a complex line bundle 



7r : L — > V over V, fix a hermitian metric on L, set p{x) = \\x\ 2 for v G L, and choose a 
compatible connection on L. The connection defines a real-valued 1-form a on L \ {zero section} 
with a(d/d6) = 1 (identify the principal bundle with the unit circle bundle and pull back the 
connection form by the radial projection). The curvature F of a pulls back to ir*F = da. Then 
the 2-form 

u = tt*(ujv) + pir*(F) + d P Aa (2.2) 
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is ^-invariant, closed, and non-degenerate for small p. The moment map for the circle action 
v i — > e %e is the function — p because i a to = i a (dp A a) = —dp. 

80 80 

We can extend w to a compatible triple (oj, J, g) as follows. Fix a metric g v and an almost 
complex structure Jy on V compatible with toy in the sense that 

gy(X,Y) =uJy(X,J v Y) 

for all tangent vectors X and Y. At each x £ L\{zero section}, there is a splitting T X L = V®H 
into a vertical subspace V = ker 7r* and a horizontal subspace = ker dp f] ker a. We can 
therefore identify V = L x and -ff = T n ^V and define an almost complex structure on the total 
space of L by J = Jl © «/y- Writing r(x) = |x| and Y) = F(X, JY), one can then check 

that the metric 

g = ir* ( g v + pFj) + (dr f + r 2 a ® a (2.3) 

is compatible with J and w. 

The dual bundle L* has a dual metric = ^|^*| 2 and connection a* with curvature —F. 

This gives a symplectic form similar to ( p.2j ) on L* and hence one on tt : L © L* — > V, namely 

co = Ti*[ujy + (p - p*)F] + dp A a - dp* A a*. (2.4) 

Below, we will denote points in L © L* by triples , rr, y) where v £ V and (w, x, y) is a point in 
the fiber of L © L* at v. This space has 

(a) a circle action (x,y) i— ► (e ie x , e~ lS y) with Hamiltonian t(v,x,y) = p* — p (2-5) 

(b) a natural S 11 invariant map L © L* — > C by A(z, x, y) = xy £ C. 

Repeating the above construction of J and g gives an invariant compatible structure (lo, J,g) 
on L © L*. 



Proof of Theorem 2.1. Let L by the complex line bundle with the same Euler class as NxV 
and give L the above structure (to,J,g). Using tp and the Symplectic Neighborhood Theorem, 
we symplectically identify a neighborhood of V in X with the disk bundle of radius e in L and 
a neighborhood of V in Y with the e-disk bundle in L*. Let -D denote the disk of radius e in C. 

The space Z is constructed from three open pieces: an X end Ex = (X \ V) x D, a Y end 
i?y = (Y \ V) x D, and a "neck" modeled on the open set 

iV = { (v, x, y) G L © L* | |x| < s, |y| < e] (2.6) 

These are glued together by the diffeomorphisms 

ipx '■ N — > (NxV \V) x D by (v, x, y) ^ (v, x, X(x, y)) 

ipY '■ N — > (NyV \ V) x D by (v,x,y) ^ (v,y, X(x,y)) 

This defines Z as a smooth manifold. The function A extends over the ends as the coordinate on 
the D factor, giving a projection A : Z — > D whose fibers are smooth submanifolds Z\ for small 
A / 0. 
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Figure 3: Construction of Z> 




A i/4 e L 



In the region on the X side near \x\ = A 1//4 (region A in Figure 3), we can merge the form 
if^x 00 m t° the symplectic form ( |2.4| ) on N by replacing a by r/a + (1 — ry)cZ0 where 77 (t) is a cutoff 
function with 77 = 1 for |x| < A 1 / 4 and 77 = for \x\ > 2A 1 / 4 . The form (2.4) then extends over 
the X end of Z. Doing the same on the Y side, we obtain a well-defined global symplectic form 
uj on Z. The restriction of u to a level set Z\ n Ux is the original symplectic form ux on X; 
similarly, its restriction to Z\ f] Uy is toy. Finally, along Z\ D J7 we have a* = —a, so w restricts 
to 

uj\ = it* (toy — tF) — dt A a. 

This is non-degenerate for small A. Thus after possibly making e smaller, we have a fibration 
A : Z — > D with symplectic fibers. □ 

This construction shows that the neck region U of Z has a symplectic S 1 action with Hamil- 
tonian t. This action preserves A, so restricts to a Hamiltonian action on each Z\. In fact, t gives 
a parameter along the neck, splitting each Z\ into manifolds with boundary 

z x = zi U z+ 

where Z^ is Z\ U Ux together with the part of Z\ U U with t < 0. From this decomposition we 
can recover the symplectic manifolds X and Y in two ways: 

1. as A — > 0, Z^ (resp. Z^) converges to X (resp. V) as symplectic manifolds, or 

2. X (resp. Y") is the symplectic cut of Z^ (resp. Z~£) at t = (cf. 



Thus we have collapsing maps 



XUY Z x 

^0 

and ir\ is a deformation equivalence on the set where t 7^ 0. 



(2.7) 



The proof of Theorem constructs a structure (a;, J, on Z whose restriction to Z\ on the 
X end agrees with the given structure (ux, Jx, 9x) on X (and similarly on the Y end). More 
generally, given ^/-compatible pairs (Jx,vx) and (Jy,i<y) which agree along V under the the 
map ip of (^^) and with the normal components of vx and vy vanishing along V, then we can 
extend them to (J, v) on the entire fibration Z . 
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We finish this section will a useful lemma comparing the canonical class of the symplectic 
sum with the canonical classes Kx and Ky of X and Y . 

Lemma 2.2 If A £ H%{Z\;71), X / 0, is homologous in Z to the union C\ U C 2 C X Uy Y of 

cycles C\ in X and C 2 in Y , then 

K Zx [A] = K Z [A] = K x [C 1 ] + K Y [C 2 } + 2(3 

where (3 is the intersection number V ■ [C\] = V ■ [C2]. In particular, K Zx [R] = for any rimmed 
torus R in ( l.l3j) . 

Proof. For A / 0, the normal bundle to Z\ has a nowhere-vanishing section d/dX. Thus the 
canonical bundle of Z\ is the restriction of the canonical bundle of giving 

K Zx [A] = K Z [A] = K Z [C X ]+K Z [C 2 ]. 

Outside the neck region of X, the tangent bundle to Z decomposes as TX © C. Inside the neck 
region we have 

TZ = TX © tt*iP*NyV TX QTr^NxVy 1 

where ir is the projection NxV — * V . But the Poincare dual of V in X, regarded as an element 
of H^ pt (X), is the chern class ci(n*NxV). Since the canonical class is minus the first chern class 
of the tangent bundle we conclude that 

K z [d] = K X [C X ] + V -[Ci] 

and similarly on the Y side. □ 



3 Degenerations of symplectic sums 

The Gromov-Witten invariants of the symplectic sum Z\ are defined in terms of stable pseudo- 
holomorphic maps from complex curves into the Z\. The basic idea of our connect sum formula 
is to approximate the maps in Z\ by certain maps into the singular space Zq. The first step is 
to understand exactly which maps into Zq are limits of stable maps into the Z\ as A — > 0. This 
section gives a description of the limits of flat stable maps. This 'flat' condition, defined below, 
ensures that the limit has no components mapped into V. 

Fix a small 5 > 0. Given a map / into Z\, we can restrict attention to that part of the image 
that lies in the '<5-neck' 

Z X (S) = {z = (v,x,y) e Z x I ||x| 2 - |y| 2 | < 8}. (3.1) 

This is a narrow region symmetric about the middle of the neck in Figure 3. The energy of / in 
this region is 

Es(f) = \j\dd>\ 2 + \df\ 2 (3.2) 
where the integral is over f~ l (Z\(5)). 



By Lemma 1.5 of | IP4 | there is a constant ay < 1, depending only on [Jy,vy) such that 



every component of every stable (Jy , z/y)-holomorphic map / into V has energy 

E(f) > ay. (3.3) 
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Definition 3.1 (Flat Maps) A stable (J, u)-holomorphic map f into Z is flat (more precisely 
5 -flat) if the energy in the 5 -neck is at most half ay, that is 

E s (f) < a v /2. (3.4) 



For each small A, let 

M$£(z x ,A) 

denote the set of flat maps in Ai Xjn (Z\, A). These are a family of subsets of the space of stable 
maps and we write 

Urn MA%(Z x ,A) (3.5) 

for the set of limits of sequences of flat maps into Z\ as A — ► 0. Because ( |3.4D is a closed condition 
this limit set is a closed subspace of M(Z). The remainder of this section is devoted to a precise 
description of the space (|3.5|) . 



Lemma 3.2 Each element of ( \3-3j) is a stable map f to Zq = X Uy Y with no irreducible 
components of the domain mapped entirely into V . 

Proof. Each sequence in ([T^) has a subsequence converging in the space of stable maps 
M Xtn (Z, A) to a limit / : C — > Z. In particular, the images converge pointwise, so lie in Zq. 

Suppose that the image of some component Cj of C lies in V . Then the restriction fi of / to 
that component satisfies E(fi) < Eg(f). Furthermore, by Theorem 1.6 of [[IP41 the sequence fk 
(after precomposing with diffeomorphisms) converges in C° and in L 1,2 , so E$(f) = limEg(fk) < 
ay/2. This contradicts (U) . □ 



We can be very specific about how the images of the maps in ( [3.5| ) hit V. By Lemma 3.2 and 



Lemma 3.4 of [ IP4 |, at each point p £ f 1 (V) the normal component of / has a local expansion 
aQZ d + . . . . This defines a local 'degree of contact' with V 

d = deg(/,p) > 1 (3.6) 

and implies that f~ l {V) is a finite set of points. Restricting / to one component Ci of C and 
removing the points f^iV) gives a map from a connected domain to the disjoint union of X \ V 
and Y \ V. Thus the components of C are of two types: those components Cf~ whose image 
lies in X, and those components Cj whose image lies in Y. We can therefore split / into two 
parts: the union of the components whose image lies in X defines a map /i : C% — > X, from a 
(possibly disconnected, prestable) curve C±, and the remaining components define a similar map 
h ■ C 2 - Y. 

Lemma 3.3 f^iV) consists of nodes of C . For each node x = y G f~ l (V) 

deg(/i,x) = deg(/ 2 ,y). 
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Proof. The local degree ( |3.6| ) is a linking number. Specifically, let Nx(V) be a tubular neigh- 
borhood of V in X and let [ix be the generator of H\(Nx{V) \ V) = Z oriented as the boundary 
of a holomorphic disk normal to 1/. If fiy is the corresponding generator on the Y side, then 
[ix = — /^y in -ffi of the neck Z\{$). For each point x in /{""'"(V) and each small circle S £ around 
x, the local degree d satisfies 

d-»=[f 1 (S £ )}. 

If x is not a node of C then by Theorem 1.6 of |IP4[| converges to /i in C 1 in a disk D around 
x. But then for large k d ■ fi = [/(5 e )] = [f k (S £ )] = [fk(dD)] = 0, contradicting Q. 

Next consider a node x = y oi C which is mapped into V. Choose holomorphic disks 
D\ = D(x,e) and D2 = D(y,e) that contain no other points of and let Si = dD{. Then 

Si U S2 bounds in C, so [fk(Si)] + [/fc(<^2)] = in fij of the neck Z\{5). Again, — > / in C , so 
= [/(<Si)] + [/(S2)] = ^1^1 + ^2^2 where ^ is either [ix or /xy, depending on which side f(Si) 
lies. Since di > the only possibility is that x = y is a node between a component in X and one 
in Y and d\ = di. □ 



Lemmas 3^ and |3.3| show that each map / in the limiting set ( |3.5[) splits into (J, v)- 
holomorphic maps f\ : C\ —>■ X and f2 '■ C2 —> Y. Numbering the nodes in gives 
extra marked points xi,...,X£ on C\ and matched y±, . . . , y^ on C2 with = deg Xj = deg j/j. 
Furthermore, the Euler characteristics xi 01 Ci an d X2 of C2 satisfy 



Xi + X2 - 2^ = x- 



(3.7) 





Figure 4: The map /o = ^2) into Zq = X Uy 5^ 



Remark 3.4 To simplify the exposition we will assume for the rest of the paper that (a) all 
the components are stable, and (b) C\ and C2 have no non-trivial automorphisms. In fact, one 
can deal with unstable components by first stabilizing as in LT|, and deal with automorphisms 
by lifting to a cover of the universal curve as in [RT2], section 2. One can easily check that 
the analytic arguments below, which are local on the moduli space of holomorphic maps, carry 
through the stabilization and lifting procedures. Under these assumptions the moduli spaces are 
generically smooth and their virtual fundamental class is equal to the actual fundamental class 
after taking quotients as in [RT2]. 



We can now give a global description of how the limit maps / in ( |3.5[ ) are assembled from 
their components f\ and j%. First, consider how the domain curves fit together in accordance 
with ( |3.7D . Given stable curves C\ and C2 (not necessarily connected) with Euler characteristics 
Xi and n% + 1 marked points, we can construct a new curve by identifying the last I marked points 
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of C\ with the last I marked points of C 2 , and then forgetting the marking of these new nodes. 
This defines an attaching map 

it '■ ■M. xl>ni+ £ X M X2)Tl2+ e ► -^Xi+X2-2^,ni+n 2 (3-8) 

whose image is a subvariety of complex codimension I. Taking the union over all X\^Xi^\ and 
n 2 gives an attaching map ^ : Ai x M. — * Ai for each I. 

Second, consider how the maps fit together along V. The evaluation map 

ev s : Ml n , s (X) x Ml^ s (Y) ^ Ji\ x Ji\ ^ V s x V s . 
records the intersection points with V and the pair (/i, f 2 ) lies in the space 

M V {X) x M V (Y) d =l f ev^iAs). (3.9) 

where A s is the diagonal 

A s C V s x V a . 

Denote by Ti^ x e Hy = (£2 x E2)~ 1 (A) the fiber sum of Ti^ and Tiy along the evaluation map 
£2 , where A = U A s . Then we have a well defined map 



g:H V x xT%^H 2 {Z) (3.10) 

£ 



which describes how the homology-intersection data of f\ and f 2 determine the homology class 
of/. 



Lemma 3.5 For generic (J,v) the space (3.9) is a smooth orbifold of the same dimension as 
Mg*(Z x ,A) given by Q). 



Proof. The dimensions of M% uS (X,Ai) and M^ 2yS (Y,A 2 ) are given by ( |1.15| ). A small modi- 



fication of the proof of Lemma 8.6 of |IP4| shows that the evaluation map at the last I = £(s) 
marked points (i.e. the intersection points with V) is transversal to the diagonal A C V f ~ x V^ 
imposing £dim V = £(dim X — 2) conditions. Thus (|3.9| ) is a smooth manifold of dimension 

-2K X [Ai] - 2K Y [A 2 ] - 4 deg s - - (dim X - 6) { X i + X2 - 21) + 2n. 



The lemma follows by comparing this with ( |1.2| ) using (3.7), Lemma 2.2, and the fact that 
deg s = A x ■ V = A 2 ■ V. □ 

Finally, note that renumbering the pairs (ccj,yj) of marked points defines a free action of the 
symmetric group Si on fl3.9| ) and the limit maps in (3.5) correspond to elements in the quotient. 



Moreover, after ordering the double points along V the limit set (3J5) is a closed subset 



K& cM v (X)xM v (Y) (3.11) 



which is the disjoint union of open sets labeled by s and which has compact closure as in | IP 4 \ . 



Since the maps in M^ lat {Z\) are C° close to flat maps into Zq for small A there is a decomposition 

Mf la \Z x ) = \_\[M{ la \Z x )) / S l{s) 
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as a union of components labeled by ordered sequences s = (si, s 2 ■ ■ ■ )■ As in the proof of Lemma 



3.3, these Sj are local winding numbers of the £(s) vanishing cycles S £ . In that form the labeling 



extends to all continuous maps C° close to flat maps into Zq. Thus for small A 

Mi lat (Z x ) C Ma Ps (Z A ) 

where Map s (Z / \), the "space of labeled maps", is the set of labeled continuous maps into Z\ 
which are C° close to flat maps into Zq. 



Thus with this notation, the statements of Lemmas |3.2| and I3JJ translate into the commutative 
diagram 



U M V {X) x M V (Y) < — lim (uM f s lat (Z x )] 

s ev s A \ s J 



{MxM)x [HxxHy] ^ 9 MxH 2 (Z). 



(3.12) 



The top arrow shows how the maps that arise as limits of flat maps decompose into pairs (/i, f 2 ) of 
^/-regular maps into X and Y, while the bottom arrow keeps track of the domains and homology 
classes (the vertical maps arise from flL12|) in the obvious way). 

One then expects the top arrow in ( |3.12j ) to be a diffeomorphism for each s and both sides 
to be a model for the stable maps into Z\ for that s. The analysis of the next six sections will 
show that this is true after passing to a finite cover. 

The necessity of passing to covers is dictated by clustering phenomenon mentioned in the 
introduction: when s > 1 each curve in Zq is close (in the stable map topology) to a cluster 
of curves in Z\ for small A, and these coalesce as A — > 0. To distinguish the curves within a 
cluster and indeed to even verify this statement about clustering, it is necessary to use stronger 
norms and distances — strong enough that the distances between the maps within a cluster are 
bounded away from zero as A — > 0. The maps in a cluster can then be thought of as the fiber 
of a covering of the space of limit maps. The next three sections introduce the required norms 
and construct a first version of the covering. The first step is to define an appropriate distance 
function on the space of stable curves. 



4 The Space of Curves 



Given two holomorphic maps, one can measure the distance between their domain curves using 
some metric on the Deligne-Mumford space M g , n - However, it is often more convenient to fix 
a diffeomorphism of the domains, regarding the two curves as two complex structures j and j' 
on a single 2-manifold, and measuring the distance between j and j' using a Sobolev norm. In 
this section we will define diffeomorphisms between nearby curves in the universal family, fix a 
Sobolev metric, and describe the corresponding distance function on M.g >n . 

Our distance function is designed so that a neighborhood of the image of the attaching map 
(|3.8| ) is obtained by gluing cylindrical ends of the spaces M g , n - It is a complete metric on M. g ^ n \M 
where N is the set of all nodal curves; in particular it is stronger than the Weil-Petersson metric. 

The construction starts by fixing a Riemannian metric gu on the universal curve U g ^ n Mg,n 
compatible with the complex structure. In the fibers of U g>n the 'special points' (marked points 
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and nodes) are distinct and hence, by compactness, are separated by a minimum distance. After 
conformally changing the metric we can assume that the separation distance is at least 4 and 
that every fiber is flat in the disk of radius 3 around each of its nodes. We also fix a smooth 
function p on U g ^ n equal to the distance to the node in these disks of radius 3. Finally, we replace 
gu by a conformal metric that is singular along the nodal points locus namely 

9 = P~ 2 9U (4-1) 

To understand the geometry of this metric we focus attention to a small ball U in the set 
N't of I nodal curves and construct a local model. Each Cq = Cq{u) = 7r _1 (n) with u G U is 
the union of not-necessarily-connected curves C\ and C2 intersecting at the nodes where points 
Xk G C\ are identified with y^ G C2 for k = 1, . . . , I. For each k we fix local coordinates {z^} on 
C\ and {wk} on C2 centered at the nodes. We can use the construction of Section 1 to form a 



family of symplectic sums; for details see [Ma]. The result is a holomorphic fibration 

T -> U x D l 

whose fibers C^u) are given by ZkWk = p-k in disjoint balls Bk centered on the nodes and which 
has a fixed a trivialization outside a neighborhood of the nodes (here D l is the unit disk in 



Remark 4.1 The gluing parameters {pk} are intrinsically elements of the bundle 

©oc*®4r (4-2) 

fc=l 

where and C' k the relative cotangent bundle to C\ at and respectively to C2 at y^. Thus 
models the tubular neighborhood of Ni in Nlq w 



Fix a metric on T which is euclidean in the coordinates (zk,Wk) on each and B& has radius 
at least 4. The induced metric on C M n B k is 



= dzdz + dw dw 



1 + (dr 2 + r 2 d9 2 ) (4.3) 



ZW=fl 

where r = \z\ and the distance to the node in B^ is p 2 = \z\ 2 + \ w\ 2 = r 2 + \p\ 2 /r 2 . Switching 
to the conformal metric g = p~ 2 g^ as in (4.1), each nodal curve in T has a cylindrical neck 



in each ball B k . In fact, when p k 7^ we can identify C M n B k (l) with [— T, T] x S 1 by writing 
r = VlVkl e * with T = I log In these cylindrical coordinates p 2 = 2\p\ cosh(2t) and 



g = p - 2 9fl = (r- l dr^ 2 + d9 2 = dt 2 + d9\ (4.4) 
Similarly the curves have necks in B k which become longer and longer as p^ — > 0. 



As in [|Ma|| there is a biholomorphic map of fibrations from T to a neighborhood of Co in Ug yn 
(if Cq has automorphisms we lift to finite covers as in [ RT2[ |). Because this map is holomorphic 



with bounded differential its restriction to each fiber is conformal and the conformal factor is 
bounded. Consequently, the PDE results of the next several sections, all of which involve only 
local considerations in the space Ug iVl , can be done in the model space T using the metric 
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and the results will apply uniformly on Ug )Tl . We will henceforth consistently use this metric 



on the domains of holomorphic curves. Note that the flatness condition (3.4) continues to 
hold (after a uniform change of constants) because the energy density is conformally invariant. 

We next describe how to lift vectors in D e to vectors on the family T = {C^} — > D l around an 
l-nodal curve Co- Fix smooth curves C^Cy G T. These are identified outside a neighborhood 
of the nodes. That identification extends to a diffeomorphism (j) = ^>„„/ : C M — > C„r as follows. 
Using cylindrical coordinates z = \Z\JI\e t+ie around each node of and z' = ^\n'\e t +ld around 
the nodes of C^, set 

<f>(t,0) = (t + (2a(t) -1)(T'-T), # + a(t)arg(4 

where T = || log |/i|| and where a(t) is a cutoff function equal to 1 for t > 1 and for t < — 1. 
Note that when \z\ > 1, (/>(t,0) = (t + T' — T, 6) = (t' } 9'), so <j){z) = z' . The relation zw = fj, 
similarly implies that (j){w) = w' whenever \w\ > 1. Thus <j) extends as claimed. 

The corresponding infinitesimal diffeomorphism defines the lifts: each v = (v\, . . . , vi) £ T^D 
defines a family fj, s = fj, + sv and a vector field 

6 = ^^ Js= ° = ^(( a "^ Re £)' a " Im 

along Ca- Going the other way, given any path fi s in the complement of the nodal set M 
we can lift the vectors /i as above and integrate the lifted vector fields to get diffeomorphisms 
<p s : C^ — > C Ms . For each s the variation in the complex structure is h s = j^(j>tj- Define a 
second distance between the complex structures by 

Dist (C M0 ,C m ) = inf / \\h a \\ ds (4.5) 

Jo 

where the infimum is over all paths from to [i\ in the complement of M and where 

/ |V 2 h| 2 + |V/i| 2 + |h| 2 . (4.6) 

Note that in each family {C^} the nodal curves correspond to {fi |some fif. is zero}. 
Lemma 4.2 On the complement of the nodal set M = {ji\some is zero} the Riemannian 



\h\\ 2 



metric (4-t) * s uniformly equivalent to the metric 



J2 r^Re{dn k f. (4.7) 



Proof. Calculating h = 4- {d<j) s 1 • j • d<fi s ) at s = 0, one finds that 
h = jdv — dvj = \" " I where 
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Noting that the integrals of \da\, |Vda|, and |V 2 da| are independent of /j, we then have 

IN 2 = ErC t fVap + IVap + M 2 = c^2r^2- a 

k iMfcl J-iJo k l^ fc l 

The metric ( [4.7D is cylindrical in each coordinate: using polar coordinates \i = r e ld and r = e t 
we have 

-^Re(dn k ) 2 = \(dr 2 + r 2 d9 2 ) = dt 2 + d9 2 . 
\fj,\ z r z V / 

The corresponding distance function is that of the cylinder in each coordinate, so for \i = r e td = 

e t+ie and _ r / e i«c = e s+ie> 




Thus the metric ([4. 71), defined in a neighborhood of the nodal set M, extends to a global metric 
on Mg^n = -Mg^n \ M which is not complete — near the stratum Mi of curves with i nodes it is 
asymptotic to a cylinder Wi x where Wi is a bundle over Mi whose fiber is the real torus T 
corresponding to the bundle ( |4.2| ). We can compactify this by identifying the end Wi x with 
We x (0, lY and compactifying to Wi x (0, 1]^. This "cylindrical end compactification" projects 
down to the Deligne-Mumford compactification Mtg t n so that the fiber along the nodal stratum 
Mi is a copy of Wi. 



5 Renormalization at the Nodes 

In this section we will consider a sequence of flat (J, i/)-holomorphic maps 

f n :C^ n ^Z Xn with A n ^0. (5.1) 

By the Compactness Theorem for holomorphic maps Z these converge to a limit map /o from a 
nodal curve Co to Zq as described in Section ||; the convergence is in L 1,2 n C° and in C°° on 
compact sets in the complement of the nodes. We will refine this by constructing renormalized 
maps f n around each node and proving convergence results for the renormalized maps. This 
gives detailed information about how the original maps f n are converging in a neighborhood of 
the nodes. 

As in Section ||, Co is the union of (not necessarily connected) curves C\ and C2 which 
intersect at nodes, and /o decomposes into maps fx : C\ — > X and fi : C2 — » Y. Their images 
meet along V with contact vector s = (sx, ■ ■ ■ si); that is there are points x& € Ci and G C2 
so that fx and fi contact V of order Sk at fx(xk) = fiivk) £ V. For short, we simply write 

fn -> fo = (fi, f2)eJCC M s x ev M s . 

where K, is the compact set in ( |3. 1 1|) . Note that in particular all the estimates in the next sections 
will be uniform on fC. 
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Around each node x k we can use the coordinates (z k ,w k ) on the domain described before 
and coordinates (v,x,y) centered on the image of the node to write /„ = (v n , f%,f%) (here 
v is a coordinate on V and (x, y) are coordinates in the sum Nx © Ny of the normal bundles 
to V). These can be chosen so Z\ is locally the graph of xy = A. Using the expansions of /o 
provided by Lemma 3.4 of [IP4| and Lemma ( |3,3[ ) we can write around each node 

f = ( Pk + h v , a k z Sk +h x , b k w Sk +h y ) where \h v \ < cp and \h x \, \h y \ < cp Sk+1 . (5.2) 



Remark 5.1 The coefficient a k is the s&-jet of the function f x at x k modulo higher order terms, 
so 

a k e (T* k C) s » ® N x 
where Nx is the pullback of the normal bundle to F in X. The evaluation map 

M V g ^s C Mg,n+e -» Mg,n X X" X V 1 

determines complex line bundles N~x whose fiber at a map / is the normal bundle N x to V at 
f(xk), and relative cotangent bundles C k as in (|4.2| ) for the last I points of the domain. The 
leading coefficients are thus sections 

a k £T(£ s k k ®N X ) and b k £ T((C' k ) Sk <g> My). (5.3) 



Note that the f n are nearly holomorphic with respect to the complex structure Jo defined 
by the coordinates (y,x,y). In fact, from the ( J, z^)-holomorphic map equation, we have df n = 
djf n — (J — Jo) df n j = v n — (J — Jo) df n j. Because the f n are converging in C° to the continuous 
function /o with |/o| = at t = 0, we have the pointwise bound 

\Bf n \ < C\fn\\df n \ < e\df n \ (5.4) 

where e can be made arbitrarily small by restricting the domain to a small annular region in the 
neck of C Un . Similarly the metric on the target can be made arbitrarily close to the euclidean 
metric. In the next lemma we consider such an annular region in cylindrical coordinates (t, 6) 
and estimate the energy 



E(fn,T) = \ [ [ n \df n \ 2 dtdO 

2 J-T Jo 



Lemma 5.2 For small r and large n, the energy E(t) = E(t, f) of f = f n on the cylinder 
A{t) = [—t, t] x S 1 satisfies 

E{t) < E(T) pi. (5.5) 
Consequently, there is a pointwise bound for \df\ of the form 

\df\ 2 < Cl E{t + l) < c 2 E pi. (5.6) 
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Proof. By writing / = u + iv one finds that 

4\df\ 2 dtdO = \df\ 2 dtdO -2d{udv). 
Integrating over A = A(t) and using Stokes' theorem gives 

\ I \df\ 2 = 2 [ \df\ 2 + [ uv e dO, 
2 J A J A JdA 

The boundary term is an integral over two circles. On each, we can replace u by u = u — 
J~ fo™ u and a Pplyi n g the Holder and Poincare inequalities on the circle 

J uvg d9 = J uvg d8 < \\u\\ \\vg\\ < \\u$\\ \\v$\\ < J \fe\ 2 - (5-7) 

Furthermore, from the definition 2df = ft + ife and the inequality (a — 2b) 2 < 2a 2 + 8b 2 we 
obtain 

3|/,| 2 = 2\f e \ 2 + \ft-2df\ 2 < 2\df\ 2 + 8\df\ 2 . 

Combining the previous three displayed equations and using (|5.4| ) shows that 

4 



(i-^J/ wp < 1(1-^)/ w p. 



Taking r small enough that e = e(r) satisfies 4ce 2 < 1/44, we obtain 

2 -E(t) < E'(t). 



Integrating this differential inequality from t to T yields (5.5). 

On the cylinder [— T,T] x S , each point lies in a unit disk with euclidean metric, and / 
satisfies the equation df = v. Standard elliptic estimates then bound \df \ at the center point in 



terms of the energy in that unit disk (c.f. [PW] Theorem 2.3). Thus ( |5.5| ) implies ( |5.6| ). □ 
In the next several sections we will repeatedly use the fact that in the cylindrical metric 

J p a dt ~ c a p a for a ^ 0. (5.8) 
Thus, for example, ( |5.4j ) and (^) give 

Wr'dfWpAir) < \\df\\ P ,A(r) < c pP 1/3 . (5.9) 

We will also use bump functions defined as follows. Fix a smooth function (3 : R — > [0, 1] 
supported on [0,2] with (3 = 1 on [0,1]. The function (3 £ {z,w) = f3(p/s) has support where 
p 2 = \z\ 2 + \ w\ 2 < 4e 2 . When restricted to C„, /3 e = 1 on the 'neck' region A^(e) where p < e, 
and d/3 e is supported on two annular regions where e < p < 2e. We can choose ft so that using 



the cylindrical metric (4.4) 



\dp £ \ < 2. (5.10) 
As before, we write f n = (v n ,x n ,y n ) in coordinates centered on the image of each node. 
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Definition 5.3 In the region p < 1 around each node define renormalized maps f n by 

i /~ ~ ~ \ / 1 -1 k _ -k x n Vn \ 

In — \v n ,x n ,y n ) — [v n — v n , . . . v — v n , -, - -J 

az s bw s 

where v n is the average value of v l n on the center circle j u = {p = ^/p,} of C^. 

Whenever A n = x n y n is non-zero x n has no zeros and has (local) winding number s. Hence 
each x n has winding number zero, so the functions logx n , and similarly logy„, are well-defined. 
The convergence (|5.2| ) shows that on each set p > r we have x n — > fo/az s = 1 + O(r) in C 1 ; 
hence there is a constant c so that 

sup | logrr n | + | log y n \ < cr Vn > N = N(p). (5-H) 

r<p<l 



Lemma 5.4 For each sequence (I5.il) we have lim — = ah. 
Proof. For G n = log x n the integral 



G n {p) = — I G n d9 



2~ 



over the circles with fixed p satisfies 
d 



dt 



d t G n 



(d t + ide)G n = 2 / x n dx n d9. 



To bound x^ 1 dx n we regard / locally as a map into V x C with its product almost complex 
structure Jy and a product metric gy. Then u N and J—Jy are both 0(R) where R 2 = \x\ 2 + \y\ 2 , 
so a slight modification of ( |5.4| ) gives \dx n \ < cR\df\ gv . Also noting that g = (l + |A| 2 /|x| 4 ) gy 
as in (I4.3T), we obtain 



| x dx yi I c 



\x\ 2 + \y\ 2 



2 

9V 



c\dff 



(5.12) 



Up)\ < \Gn(r)\ + Cl [ p 1 '* dt < \G n {r)\ + c 2 r^ < c 3 r^ 

J p 



These equations and Lemma [T^ give < c\ p 1 / 3 . Hence for p < r and n > N(i 

\G Tl 

(the last inequality uses fl5.1l|) ). This implies that 

N ' ■ 











f / log*„ 




G n ( 


vVl) 



(5.13) 



as n —* oo. The same limit statement holds with G replaced by logy. For each n we can then 
integrate the constant 



log 



A, 



abpl 



log 



^nVn 

az s bw s 



log (x n y n ) 
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over 7 Atn to see that 



The lemma follows. □ 



Lemma 5.5 Set = v n — v n and = (x n ,y n ). Then for each p > 2 there are constants C 
and N = N(r) so that whenever S < g, r < 1 and n > N 

I p" p5/2 (iverr + i^r+p (1 - s)p ivei p +p (1 - s)p iei p ) < (5.w) 



Proof. Write the annular regions Au[r) = {p < r} in the neck as the union of annuli = {k < 
t < k + 1} of unit size and let p\. be the value of p at one end of A^. Since \d£ v \ = \dv n \ < cp 1 / 3 
by (|5.6|) we have 

sup |^| < "£\osc Ak v\< ||d«|| Mfc < pl /3 < Cr 1 / 3 (5.15) 

A ( r ) fc k k 

where the last inequality comes from the Riemann sum for jy/ 3 dt. Thus \V^\ P + \^\ P < cpP/ 3 
pointwise. Integrating via ( |5.8|) then gives the first half of ( |5.14j ). 

Next, the Calderon-Zygmund inequality of [|S| shows that G = logx ra satisfies 

H^lljVKV) - C \\d(l3 r G)\\, pyA (2 r ) < C (\\d(3 r ■ G\\ PtA( <2r)\A(r) + \\ x n l dx n \\p,A{2r)) 



We can integrate ( |5.12 ) as in (|5.9|), and use ( |5.10 ) and the bound ( 5.11 ) in the region r < p < 2r 



where d(3 r ^ 0. These imply that the LP norm of dG is bounded by cr 1 / 3 . But then for each 
annulus A C A(r) with unit diameter we can use (|5.13| ) and a Sobolev inequality to obtain 

sup |G| < |avg aA G\ + osc A G< cr 1/3 + C\\dG\\ 4A(r) < cr 1/3 for all n > N(r). 
A 

Exponentiating this bound on G shows that \x n — 1| < cr 1 / 3 in A(r), and that in turn gives 
\dx n \ = \x n dG\ < c\dG\. Consequently ^ = x n (az s ) satisfies 

\C\ < cp s + 1 ' 3 and |d£| < cp s (1 + \dG\) (5.16) 

(after noting that \dz/z\ is bounded). Of course the same bounds hold for the y components, so 



integration, combined with the LP bound on dG, gives the second half of ( 5.14 ). □ 



6 The Space of Approximate Maps 

The limit argument of section 3 shows that as A — * holomorphic maps fx into Z\ converge 
to maps into X UY with matching conditions along V, i.e. to a maps in Ai^ (X) x ev AiY(Y). 



Lemma |5.5| gives further information about the convergence near the matching points; it shows 
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that for small A the maps fx are closely approximated by maps g(z,w) = (v,az s ,bw s ) in local 
coordinates. Over the next four sections we will reverse this process, showing how one can use 
M s x ev Ml s to construct a model AJ^A. S (X) for the space of stable maps into Z\. The final result 



is stated as Theorem 10.1 



The construction has two main steps. In the first, maps / in a compact set K, C MY (X) x ev 
M-Y (Y) are smoothed in a canonical way to construct maps F into Z\ which are nearly holo- 
morphic. The second step corrects those approximate maps F to make them truly holomorphic. 
This section describes the canonical smoothing and the resulting space of approximate maps 
and introduces norms on the space of maps which capture the convergence of the renormalized 
maps. Those norms lead to a precise statement that the approximate maps are nearly (J, v)- 
holomorphic. 

The maps alone cannot be canonically smoothed — more data are needed. This harks back 
to the comment at the end of Section 3 that each / will generally be the limit of many maps 
into Z\. Recall that / G MY {X) x ev MY (Y) is a map from an £(s)-nodal curve Co whose nodes 
Xk = Uk are mapped into V with contact of order s k - As in section 3 Co has an I dimensional 



family of smoothings C„, [i = (fii, . . . Lemma 5.4 shows that Co is the limit of maps into 

Z\ only if fx satisfies akbk fJ- k k = A. That leaves \s\ = s±S2 •••si possibilities for fi corresponding 
to the different choices of root for each hj,. Thus the maps into Z\ near / are specified by pairs 
(/, (j,), with the \i specifying the deformation of the domain. 

Globally, we have A 6 Nx <8> Ny — C (via a fixed trivialization) , so ( |5.3| ) implies that at each 
node the coefficients ak, bk determine a section 

over MY (X) x ev MY (Y). The Sk th root of this section is a multisection of C* k ®(C' k )*\ considering 
all k at once defines a multisection of the direct sum of the C k £3 (£1)*. This gives an intrinsic 
model for our space AM S (X) of approximate maps: 

Definition 6.1 For each s and A ^ 0, the model space AM S (X) is the multisection of 

[ci (4)1 - mY(x) x ev my on 

k=l 

consisting at /o of those fi = (m, . . . , fj,g) which satisfy 

fi s k k = — — for each k. (6.1) 
a kPk 

This model space is an |s|-fold cover of MY {X) x ev MY(Y), and hence is a manifold for 
generic (J,f)- Elements of the model space are pairs (/,//) where / : Co — > Zq and \x satisfies 
Each such element gives rise to an approximate holomorphic map as follows. 



Definition 6.2 For each (/, fj,) £ AM S (X), A / 0, define an approximate holomorphic map 
F = F fitl :C^Z X by 

F = f-J2M-Pk) (6.2) 



where (3k is bump function (5. ICQ with e = |A| 1 / 4sfe in coordinates (zk,Wk) around the k th 



node, p k is the image of the node in those coordinates, and f is the restriction of f(z,w) 
(v(z,w),x(z),y(w)) to C M . 
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Altogether, the association (/,//) i— > (Ff^C^ defines a 'gluing map' 

T X :AM S {\) -> Maps s (C,Z A x W) (6.3) 

This map is injective: if T\(f,fJ>) = Tx(f',fj,') then / and /' are ( J, zv)-holomorphic maps which 
agree on the set where p > 1 and therefore, by the unique continuation property of elliptic 
equations, agree everywhere. 

In section p| we will show that T\ is a diffeomorphism onto a submanifold. Here, as a prelim- 
inary, we introduce norms which make the space of maps in (|6.3| ) into a Banach manifold. 



Norms. We will use weighted Sobolev norms tailored for our problem. On the domain we 
continue to use the cylindrical metric ( f4.4| ) and to use (|4.5| ) to measure distance between curves. 
In the target we identify a neighborhood ofV'mZ with the disk bundle of the bundle Nx © Ny 
over V; in that neighborhood we can then decompose vector fields £ into components (£ v , £ x , £ y ) 
where £ is horizontal with respect to the connection on Nx © Ny and the £ x and £ x are tangent 
to the fibers of Nx and Ny. 

In a neighborhood of each node pk let 7& be the circle p = \f\p~\ in C M and let be as in 
(|6.2|) . Given £, subtract the (extended) average value of the V components, defining 

C = t V ~M where 1=^1 (6.4) 

These averaged vectors £ fc at the different nodes can be assembled into a single vector £ G TJ,V^ 
where p = (p\, . . . ,pi). Similarly, the (£&, extend to a global vector field on C M 

c = ( 6 - 5 ) 

where 0k is the bump function ( |5.10| ) with e = 1 centered on the node . Fix 5 > and set 

iicii;^ = / P - Sp/2 \v(wo\ p +\wc\ p (6.6) 

where V is the covariant derivative of the cylindrical metric on the domain and the metric induced 
on Z\ from Z while the endomorphism W : £ — > WC, weights the normal components around 
each node: 

wc = (i-5»C + E^(c y >^r>^r)- (6-7) 

Here a complex valued function <f> = u + iv acts on (real) vector field £by0-£ = ii-£-|-v-JC, 
with \<f>(\ = \<f>\ • |C|. 

Definition 6.3 Given a tangent vector (£,h) to the space Map s (C, Z\ x IX), we form the triple 
(C> M as ^ n fl&4J anc ^ define the weighted L\ norm 

\\{tMV = IICIIw + IICIliA- + Ifl + N ( 6 - 8 ) 

where \\h\\ is given by ftpl{) . For 1-forms r) G fi°' 1 (/^Z A ) we do f/ie same without averaging: 

Wvh = \\v\\i,2,s + IM|i,4 )S - (6.9) 
JTie weighted L® norm \\ ■ \\q and the weighted L 2 S norm \\ ■ W2 are defined similarly. 



26 



The norm ||(£, h)\\i dominates the C° norm (since L 1 ' 4 C°). Hence we can use it to 
complete the space of C°° maps, making Map s (C, Z\xU) a Banach manifold with neighborhoods 
modeled by (£, /i). 

Remark 6.4 Note that the norms defined above make sense also at A = 0, where the average 
value £ is equal to the value of £ at the double points Xk, Uk- 



We conclude this section by showing that the approximate maps are nearly holomorphic. The 
specific statement is that the quantity dF — vp, which measures the failure of the approximate 
map to be (J, i^)-holomorphic, is small in the norms just introduced. 

Lemma 6.5 For S < | and A sufficiently small, each F = Ff ifJi satisfies \\dF — u\\o < c|A| 1//6 l s l. 

Proof. Let iVfc(/z) be the region around the node pk where p < 2y\{I\. Outside Nk(p) F = f 
is (J, z/)-holomorphic and therefore <3? = dF — vp vanishes. When A ~ p s is sufficiently small the 
image of each Nk(fJ>) lies in a neighborhood of V where we can separate components tangent and 
normal to V. Taking F = f — (5{f — p), 

= (l-P)dj F f + d(3[(f-p)-J F (f-p)j}-v(z,F(z)) 

where Jf means J at the point F(z). Since / is ( J/, i^)-holomorphic and \d(3\ is bounded 

\W§\ < \W((J F -J f )df)\ + c\W(f-p)\ + \W(v F -v f )\. 

Now the local expansions of x(z) and y(z) show that \W(f — p)\ ~ \(v — vo,az,bw)\ < cp and 
similarly |W((Jp — Jf)df)\ < cp. Because v N vanishes along V, the normal component of vp — Vf 
is bounded by cji 7 ^! < cp s , while \{vf — Vf) v \ < c\F — f \ < cp. Thus < cp. Integrating 
over Nk(p-) using ( fTs] ) then gives 

The lemma follows by summing on k and on p = 2, 4. □ 



7 Linearizations 



This section describes the linearization of the (J, z/)-holomorphic map equation as an operator 
on the Sobolev spaces of Definition O. We do this first for the space MY(X) which defines the 



relative invariants, then for the space M. S (Z ) = M-Y (X) X ev M-Y (Y) of maps into the singular 
space Zq. That serves as background for our main purpose: describing the linearization operator 
at an approximate map into Z\ and its adjoint D* These are the operators that will be 
used in Section 9 to correct the approximate maps into holomorphic maps. 



To begin with, let (/, j) G Mj {X), and consider the linearization ( |1.6| ) with the norms 
and (|6.9|) . It is convenient to decompose £ into ( and £ as in (|6.5|) and to consider this 
linearization as the operator 

D (/)i) : Ll(A°(f*TX)) © T P V £ © T c Mg, n+ £ -» L,(A\f*TX)) (7.1) 
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defined in terms of the operator ( |1.6|) by 

D(/j)(C,C, h) = D m (C + E • ( 7 - 2 ) 

Note that if (£,h) satisfies Dt(£,h) = then the condition that £ N has a zero of order s at 
x is equivalent to ||£||i < oo. One of the implications is obvious, while the other follows from 
||p~ 2<5 V^£||£ 4 < \\^\\i < oo by basic elliptic estimates. This means that with the norms above the 
domain of Dj includes already the linearization of the contact conditions. Moreover, for generic 
< 5 < 1, T)f is a bounded linear Fredholm operator with respect to these norms and models the 
space M^{X). In particular, for generic ^/-compatible (J, v) AiY(X) is an orbifold of dimension 
2indc Dj and we have the following two facts. 

Lemma 7.1 (a) st x ev : AiY(X) — > M gn -\.£ x V is a smooth map of Banach manifolds. 

i 

(b) The 'leading coefficient map' ( \5.3j ) defines a smooth section of the bundle © Ck ® Nx 

k=l 

over MY (X). 

Proof, (a) It suffices to show that the linearization is a smooth map everywhere. Let (£, h) be 
a tangent vector to {X) and decompose £ = Q + /3£ with £ = £(x) 6 T P V. The linearization 
of the map st x ev is (£, /i) — ► (/i, £) which is obviously smooth with our norms. 

(b) Choose a path (ft,jt) in A4]f and let (£, fc) be its tangent vector at t = 0. Assume for 
simplicity that £ = 1 and let //^ = a^ s + 0(|z| s+1 ) be the expansion near the single point x 
with f{x) £ V. Writing £ = £ + (3£ with £ = G T p F and differentiating, we see that the 
tangential component ( 6 TV vanishes and the normal component is ( N = atz s + 0(|z| s+1 ). 
Since Df(£,h) = 0, elliptic bootstraping gives |ctt| < iC^lc 8 < c ll(£> ^)l|l- 1=1 

For maps /o into Zq the linearization of the (J, z/)-holomorphic map equation has a form 



similar to (|7. 1|) , as follows. Thinking of /o as a pair of maps (/i,/2) £ .M^ (-X") x e v -M^OO) a 
variation £ of /o consists of continuous sections on each component of the domain which have 
the same value on both sides of each node. This means that the domain of Dq consists of 
sections £ = £ 1} hi; C2,£2) ^2) with the matching condition ^ = £ 2 a t each node in V. The 
corresponding operator Do whose kernel models Tf M s (Zo) = T(j x j 2 ^M^ (X) x e v (Y) is 

D : Ll'P(A°(f*TZ )) © T p V e © Z^M © T C2 7W -> //(A^/o^o)) (7.3) 

where A^/qTZq)) means A i (f*TX)) © A* (/ITT)). Again, one can verify that the evaluation 
map : x A4]j — > V x V is smooth and its image is tranverse to the diagonal A for generic 
(J, v). Thus generically Coker Dq = and the space M% x ev M-Y = ev _1 (A) is a smooth orbifold 



as in Lemma 3.5 



The space of stable maps is defined as the set of (J, i/)-holomorphic maps modulo diffeomor- 
phisms. The compute a linearization, we choose a path in the moduli space, lift to a local slice 
to the action of the diffeomorphism group, and differentiate. In fact the constructions of Section 
4 provide such a local slice at the approximate maps of Definition We will describe the slice, 
then use it to compute the linearization operator. 

Recall that a (J, i/)-holomorphic map is a pair (/, (j)) : £ —* Z\ x U g , n where X is a smooth 
2-manifold and <f> identifies £ with a fiber of the universal curve U g>n and where / satifies the 
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(J, i/)-holomorphic map equation with respect to that complex structure. Given an approximate 
map (F,(p) : E -> we can construct 1-parameter families of deformations (Ft,<f)t) as follows. 
Fix a section £ of F*TZ\ over £ and a vector v £ TcM.g, n tangent to the space of stable 
curves at = </>(£). As in section |3|, the path pt = exp(i?;) lifts to a path of diffeomorphisms 
exp(tv) : — ► C^ t . This gives the family of maps 

(F t ,fo) = (exp F £, ^oexp" 1 ^)) (7.4) 

and a path jt = [exp(tv)]*j of complex structures with initial tangent h v £ Q, 01 (TC). By Lemma 



4.2 the norm fl4.6|) of this /i is uniformly equivalent to 



That understood, the linearization at the approximate map F^ = Ff „ is then given by (1.6) 
with h = h v as above. As before, the decomposition ( |6.5D of £ into £ and £ allows us to consider 
the linearization as the operator 

d m : lI(a°(f;tz x )) © t p v £ © r AV» -» l s (k\f;tz x )) (7.5) 

defined by (|7.2[) with (/, j) replaced by the approximate map F^. 



Lemma 7.2 For generic < <5 < 1, (7.5) is a bounded Fredholm operator for each approximate 
map Fp, with 



index c D„ = - dim M V S (X) x ev M v s '(F) 



Proof. Combining (|7.5|) and (1.7) and noting that < cp and gives the pointwise bound 



\B((,a,h)\ = \L(() + aL(f3) + Jdfh\ < c (|V£| + |C| + N + p\h\) . 
It also shows that the normal component near each node is 

[D(£,a,/ l )] w = 0£ w + (V^J)^od/oj + (V c v +a J) Jv od/ Ar oj + Jodf N (h) + O(p) 

(the missing term (V^ +a J) Af o d/^ vanishes at X{ because a is tangent to V and V is J- 
holomorphic). Because VJ is bounded and df = s(z s ~ l dz, w s ~ l dw) + 0(p s ) this gives 

|WD(C,o, < c( IW^I + |W£| + |a| + p|/i|). 

Differentiating W /_1 £ Ar = (z^ -1 ^, u> s_1 C y ) and noting that |cfa|, |du;| < p shows that |VF5£| < 
c(|VW£| + |W^CD- Hence we have the pointwise bound 

\WV((,a,h)\ <c(\V(W()\ + \W(\ + \a\ + p\h\) . 

Integrating and using the Sobolev embedding on the h shows that D is bounded as stated. The 
fact that D is Fredholm follows from [Loll. d 



The adjoint D* of Q7.5| ) with respect to the weighted L 2 norms is determined by the relation 

(((,a,h),-D* V ) = (D(£,a», rf) 
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Fixing the map F and putting in D(£, o, h) = L(£ + /3a) + JF*h as in (|1.7|) one finds that 



D*ry = -D*ry + Ar\ + £>7/ where 



D*r] = hr'WW) L*(p- d WWr]) 

Ar l = Ic,P' 5 [(d(J)ri V + P(VJodfoj, n v ) 

Br] = -F*Jr). 



(7.6) 



where W is given by ( |BT7| ) (and W is the corresponding weighting by z and w), F* is the transpose 
of the differential of F and L* is the I? adjoint of operator L of (1.8) 



L*t] = d}rj + S*r) + T*r] 



(7.7) 



where 5* and T* are the adjoints of S and T, and = —<j*j o V where a} is the adjoint of the 
symbol of df. 



8 The Eigenvalue Estimate 



We now come to the key analysis step: obtaining estimates on the linearization D of the (J, v)- 
holmorphic map equation along the space of approximate maps. We establish a lower bound for 
the eigenvalues of DD* and construct a right inverse P for D* . This operator P will be used in 
the next section to correct approximate maps to true holomorphic maps. 



To get uniform estimates we fix (J, v) generic in the sense of Lemma |3.5| . We continue to work 
with (5-flat maps, which we will call <5o-flat in this section to avoid confusion with the exponential 
weight 5 of the norm fl6,6| ), which will also appear. As in (3.11) this 5q defines a compact set 



IC§ C MY(X) x ev MY(Y) of (|3.11| ) and corresponding subsets 



AM S X ° C AM X and A 5 X ° C A x (8.1) 
of the model space and the space of approximate maps. Thus AM^° is the inverse image of JCs 



under the covering map of Definition 6.1 and A°\ is the image of AM^ under the gluing map 



t A io tiic linage ui 

For the maps (/i,/2) in K-s the leading coefficients \dk\, \bk\ at the nodes are uniformly 
bounded away from and oo, and therefore |A| is uniformly equivalent to |/ifc| Sfe f° r each k. That 
understood, the aim of this section is to prove the following analytic result. 

Proposition 8.1 There are constants E, c > independent of X and of f G JCg C MY XevMY 
such that the linearization at an approximate map F = Ff n has a partial right inverse 

P^ : L Q s (k°> l {F*TZ x )) -> Ll(A°(F*TZ x )) T C ,M 

such that 

c\\v\\o < \\P»v\\i <^ _1 |kllo (8.2) 

Proof. By the spectral theorem for elliptic operators, the domain of D* decomposes as the 
direct sum of finite-dimensional eigenspaces of D*D and the target similarly decomposes into 
eigenspaces of DD*. The eigenvalues are non-negative and the eigenfunctions are smooth. 



Lemma ^4 below shows that there is a uniform lower bound E on the first eigenvalue of D^D^ for 
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approximate maps F^. Using that, Lemma 3.5 shows that D^D*^ is uniformly invertible. There- 
fore P M = D*(D^D*)~ l is a partial right inverse for that satisfies the required estimate. 



□ 



Let Nk be the neck region defined by p < l/k. We start by proving the following essential 
estimate: 

Proposition 8.2 For 5 > small there are constants ko and c such that for all A sufficiently 
small, all approximate maps F G and each neck 2V& with k > ko, each n E Q 0,1 (F*TZ\) 
satisfies 

[ P 8 ( lVr/1 2 + \n\ 2 ) < c / p 6 \L*n\ 2 + c[ p S ( \Vn\ 2 + \rj\ 2 ) . (8.3) 
JN k v ' JN k JdN k v y 



Proof. For 5 > write // as the derivative of ip{t) = Jq p s (r) dr and integrate by parts: 
P S \V\ 2 = [*p'\r]\ 2 dtd6< f |V| • 2<t?, Vt?) + / |V| • M 2 - 

AT j JV J AT JdN 

Because p 2 = 2\p\ cosh(2t) satisfies p 2 < 2\p\e 2t < 2p 2 , we have \ip\ < cp 5 /\5\, so the first 
integrand on the right is bounded by ||??| 2 + eg |V??| 2 . Rearranging gives 

P 5 H 2 < cf p 5 \Vrj\ 2 + cf p 5 H 2 . (8.4) 

J N JdN 



N 



Now on the cylinder every (0, 1) form rj can be written n = n\dt — {Jn\)d6 where rji 
is a section of the pullback tangent bundle. Denote by U = F^dt and V = F*dg. Note that 
in the usual coordinates both |VJ| and |Vf| are bounded, so when translating into cylindrical 
coordinates on the domain we get \dF\ < cp and thus 

L*rj = -Vum + JVvVi + Oiplnl) 

Therefore 

c{\pv\ 2 +p\v\\V7l\) + \L*r]\ 2 > \V um \ 2 + \JV vm \ 2 - 2(V um , JV vm ) 

> ~|Vr?| 2 - 2(V um , JVvVi) 

Next, differentiating the 1-form uj = {rji, JVuiJi) dt + (rji, JVyr/i )d6 and moving J past V 

duj = (2{Vurn, JVvm) + (m,Vu(JVvVi)- Vy(JVc/r/i))) dtdd 

> 2(V um ,JVvm) + (vi,JK(U,V) m ) - c\VJ\\dF\\ V \\Vri\ 

> 2(V um , JV vm ) + (771, JK(U, v) m ) ~cp\v\ |Vrj| 

where 1Z is the curvature of V. Combining the last two displayed equations, multiplying by //, 
integrating by parts and using the bound 2p\r]\ \Vn\ < p\Vn\ 2 + p\n\ 2 then gives 

If P 5 \V V \ 2 < [ p 5 \\L*n\ 2 + (n(U,V) m ,J m )} -d(p 5 ) Au + f p 5 u (8.5) 

2 JN k JN k 1 J \ / J 



dN k 



+c / +1 (M 2 + |V»7| 2 ) 

JN k 
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Because the domain metric is flat, 1Z is the curvature of Z\. By the Gauss equations 

(K(U, V) m , J Vl ) = (R Z (U, V) m , J Vl ) - (h( m ,V), h(J m ,U)) + (h(J m ,V), h( m , I/)) 

where R z is the curvature of Z and h is the second fundamental form of Z\ C Z, which satisfies 
\h(F*v,-)\ < c|v| for any v. Since R z is bounded then the term containing it is dominated by 



cp \rj\ . Also, as in Lemma \V — JU\ = \dF\ < cp. Hence we can replace V by JU with small 
error: 

(1l(U,V) m ,J m ) < -(/i(r ?1 ,JC/),/ l (Jr ?1 ,C/)) + (/i(Jr ?1 ,JC/),/i(r ?1 ,C/))+c / 9|r?| 2 . (8.6) 

Observe that if we had V J = along Z\ then h would be linear in J and the two h terms above 
would reduce to — 2\h(rji, U)\ 2 < 0. In our case the VJ term is of order p\r]\ therefore 

(n(U,V) m ,J Vl ) < cp\ V \ 2 . (8.7) 

which can be absorbed in the last term of (|8 



It remains to bound the oj term in ( |8.5| ). As in (4.3) we can introduce cylindrical coordinates 
r = log \ x/\\ and on Nx and normal (Fermi) coordinates in the V direction. Then the metric 
on Z\ is R 2 (dT 2 + d@ 2 ) + g v where R 2 = \x\ 2 + \y\ 2 = 2|A| cosh(2r) and g is the metric of V. 
The formula for F shows that in this basis F*dg = sd a + 0{p)di and a computation shows that 
the Christoffel symbols are all bounded and those in the direction are 

rg e = rf r = o rg T = -r^ e = tanh(2r). 

Thus = dg + tanh(2r) J + Ap where A is bounded. Recalling the definition of p 2 from Q4.4J) , 
we have 

-d(p 5 )Acj = -d t p 5 (m,J^Wi)dtd9 = 5p s tanh(2t){Jr] 1 ,V v ri 1 )dtde (8.8) 

Because g\ is independent of 6 in these coordinates, using the same methods as in ( |5.7| ) combined 
with the fact that | tanh(2r)| < 1 we get the bound 

-tanh(2r) / (J m ,d e m)dO < I \d e r]i\ 2 d9 
Js 1 Js 1 

Moving all the terms on the same side we get 

0< / {Vevi,devi) + cp f (\v\ 2 + |V??| 2 ) 
Js 1 Js 1 

which the implies 

tanh(2r) / (Jrn,V oVi) dB < [ \V e m\ 2 d9 + cpf (|r?| 2 + |V7?| 2 ) 

But tanh(2"r) = tanh(2s£)+0(p) and < tanh(2t)/ tanh(2st) < 1 so combining the last displayed 
equation with fl8.g|) gives 



/ d(p S )Au<d[ p S \Vr]\ 2 + c[ p 1+S (\V7]\ 2 + \r]\ 
JN t JNu JNu 



p 1 1 \ //I t- 1// 1 - 1 

lN k JN k JN k 

Inserting this and ( |8.7D into (|8.5| ) including (|8.4|) gives ( |8.3[ ) for small 5 and large fc. □ 

Write V 5 ry = p s V(p~ s rj) where V is as usual the covariant derivative of the cylindrical metric 
on the domain and the metric induced on Z\ from Z. Note that when 5 > is small, the 
L 1 ' 2 weighted norm defined using V 5 is uniformly (in A) equivalent to the one using V. Then 
Proposition K% implies: 
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Corollary 8.3 For 5 > small there are constants ko and c such that for all X sufficiently small 
and all approximate maps F S A S £ and each neck with k > ko, each n G Q 0,1 (F*TZ\) satisfies 

\\v\\i,2,N k < c||D*77|| 2 ,jv fc + c]|7?]|i ;2 ,aAr fe (8.9) 



i.e. 



[ p~ s (\V S Wrj\ 2 +\Wn\ 2 ) < cf p S \WD*r]\ 2 + c f p~ 5 (\V s Wt]\ 2 + \Wrj\ 2 ) . (8.10) 

JN k V ' JN k JdN k V ' 

Proof. Since on each coordinate dW = then relation ( |1.9[) combined with condition ( |1.10[) 
implies that 

(W^L^Wrj) = L*n + 0{p\rj\). 
So (8.10) follows from ( |8.3j ) after replacing rj by p~ s Wrj and using ( |7.6| ) . □ 



Prom now on we will fix 5 > small and generic. The following lemma can be compared to 



Lemma 6.6 in [RT1[ and 3.10 in LT|. 



Lemma 8.4 There is a constant E > such that for all X sufficiently small and all approximate 



maps F G the first eigenvalue o/DD* is bounded below by E. 



Proof. Suppose the claim is false. Then there are sequences X n ,p n — > 0, maps F n : C^ n — ► Z\ n 
in some K,$ and (0, 1) forms rj n along F n with D n D*r? n = e n r/ n with e n — > 0. In particular, 

e n J p- 6 \W Vn \ 2 > J p- s \WD* nVn \ 2 +\Arj\ 2 + \B V \ 2 . (8.11) 



where A, B as in ([7.6]) . We may normalize the ??„ so that the lefthand side of ( |8.9| ) is one. By the 
Bubble Tree Convergence Theorem there is a subsequence of the F n that converges to a stable 
map Fq from Cq = C\ U C 2 into Zo, and this convergence is in C°° away from the nodes. On 
small compact sets K in the complement of the nodes, the L\> 2 norm in the cylindrical metric 
is uniformly equivalent to the usual L 1,2 norm. Standard elliptic theory implies that there is a 
subsequence of the r\ n that converges in C°° on K to an L]' 2 section with DqV = along Fo \ K. 
Doing this for the sequence K m = /?~ 1 ([— ,oo)) and passing to a diagonal subsequence yields a 
limit n defined on Co \ {nodes} with L\' 2 norm at most one, and such that D^n = along Fq 
outside the nodes. Moreover, DqT? = weakly, i.e. for all £ G L~' , a £ T P V and v £ TqA4 

<D (C, a,v),n) = 

on Cq. We show this for a G TV, the other parts being similar. On 

(D n (a),r) n ) = (a,Arj n ) T v 

and D n (a) = D n (/3a) = (Bj3)a + (3V a J o dF n . Off each neck N k = {p< 1/fc} 

p- 5 (^„(/3a), T^77 n ) -> / p- 5 (WL» Q (/3a), Wt?) 
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while on Nk Do(/3a) = Dq{o) = (V a J) o dF n o j. So 

p- d (WD (f3a),Wr) n ) <( / /r"|Tr(T„J) o <1F„ oj| 2 V" 



(A) (/?«),??, 



n)N k \ 



[ p- 5 (WDv(f3a),Wr, n ) <( f p- 5 \W(V a J) o dF n o j 



s 



But V is J-invariant, so T^-D (/3a) = (V J) o d(PFF n ) o j + O(p) and |V a J| is bounded and 
|eZW.F n | < /? 1//3 , so the first factor on the right hand side of the last displayed equation goes to 
zero as k — > oo. 

This means that Dq^ = where Do is the operator defined in (|7.3| ). As we observed after 
equation ( |7.3| ), for generic (J, u) we have Coker D = 0, so r] = 0. Therefore rj n — > in L 1,2 on 
the complement of each neck Nk, which contradicts (|8.£| ). □ 



Lemma 8.5 There is a constant C such that for all A sufficiently small and all approximate 



maps F £ A S £, each r] £ n°' 1 (F*TZ x ) satisfies \\r]\\ 2 < C||DD*r?|| . 



Proof. Cover by disks of radius 1 in the cylindrical metric so that each point lies in at most 
10 disks. Since p varies by a bounded factor across each unit interval in the neck we can applying 
the basic elliptic estimate on each disk, multiply by p~~ & / 2 and sum to get 



\\vh,p,s < C p (WDpD^riWp^ + \\rj\\p !S 
for a constant C p independent of p. Adding together the p = 4 and p = 2 inequalities we get 

\\vh < C p (\\DnD*T)\\o + \\v\\o] 



Using Lemma 3.4 and applying Holder's inequality for the weighted L norm 



c IMlL < II^^IlL = (ri, D n D *v,v) < \\vh,s 1 1 -0^*77112,8 < \\vh,s \\D^D*ri\\ p , B . 
which combined with the previous inequality gives the desired inequality. □ 



In the next section we will use to coordinatize the normal direction to the space of 
approximate maps. 



9 The Gluing Diffeomorphism 



The norm (6.8) induces a topology on the space Maps s (C, Z\). Specifically, for C° close maps 



with the same label s we can write (/', j') = exp/jj) (£, h) and set 

dist((C,/),(C",/')) = ||(e»||i (9.1) 

This defines a topology and a distance (the inf of the lengths over all paths piecewise of the above 
type) on Map s (C, Z\). Using this distance, we will show that the moduli space of stable maps 
into Z\ is close to the space of approximate maps, and that those spaces are in fact are isotopic. 
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We start by describing a parameterization for a neighborhood of A\ inside the space of maps 
(A s x is the compact set ( |S.1| ) of approximate maps). Consider the Banach space bundle A 01 — > 
AA4 S (\) over AA4 S S (A) (the model space for approximate maps) whose fiber at an approximate 
map P M : C M — > Z A is A 0,1 (P^TZ A ) with the norm ( |6. 8| ) . Write elements of A 01 as triples (/, /x, ry), 
with / G (X) x e „ The map 

$ A : A 01 (e) - Maps s (C,Z A x W) by $ A (/, /x, ry) = exp^^i^y) (9.2) 



defined on an e neighborhood of the zero section of A 01 agrees with the gluing map T\ along the 

s 

A- 



zero section. The following lemma shows that <1? A coordinatizes a neighborhood of A\. 



Proposition 9.1 There is a constant c > so that for all small A 3> A is a diffeomorphism from 
an e- neighborhood of the zero section in A 01 onto a neighborhood of A x in Maps s (C, Z\ x U) 

it- 



that contains at least a ce neighborhood of A\ 



Proof. By Lemma 3.5 Tp A\ has the same dimension as Ker = (ImP^) . In fact 



/U - V 11 " At/ 

7> M A 01 = T^elmP, (9.3) 



because any P^n which lies in Tp^Ax satisfies, by Q8.2D , Lemma 5.4 and Lemma 9.3 below, 



\\Pv\\l < E\\n\\ = EWDpPriW < CE \\Prih, 

so, for small A, Prj is zero. 

Next fix a path (ft,m) in AM. S (X) starting at (/o,A*o) an d let £ S P.A A the tangent vector 
at t = of the corresponding path of approximate maps i*i = <&(ft, iMi 0). Each element r in 
the fiber of A 01 over (fo, fJ-o) determines a vector field Pr along the image of Po m TZ\. After 
extending Pr along Ft by parallel translation we calculate 



d$(f,», v ){£,h,T) = j t ex P(Ft>jM) (tPr) 



= t + PT. 

t=0 

Thus d<I ) A is an isomorphism by Q9.3j ), so <& A is a local diffeomorphism near the zero section of 
A 01 . 

To show injectivity, let A 01 (e) be the subset of A 01 with \\rj\\ < e and suppose that injectivity 
fails on each A 01 (e). Then for each n there exist elements (f n , li n ,Vn) 7^ {f' n -> tfnirfn) m A 01 (l/n) 
which have the same image under <I> A . After passing to subsequences, we can assume that 
the {(/n,A*n)} and {(/^,/4J} converge in the stable map topology to limits / : C — » Zq and 
/' : C' — ► Zq with / and f in K C AiY x Ai^ and C and C" on the boundary of the cylindrical 

ev 

end compactification of M.g t n defined at the end of Section ||. (Thus C and C each consist of a 
nodal curve together with an element of the real torus T ). 

Choose a compact region R in C which contains no nodes. Then for small A we have F n — > f 
and F' n — » /' in C 1 on P. Since our || • ||i norm dominates both the C° norm on maps and, by 



Lemma 4.2, the cylindrical end metric on Mg y n-, 

ft*)) 

< clim (\\ Vn \\ + \\r/J) = 



Jim dist {C^C^J + sup dist (/(x),/'(x)) < Jim (\\P V n\\i + ||P^||i) 
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using Lemma |8^J. Thus (i) C = C, and (ii) / and /' agree on R and therefore, as in the 
argument after ( |6.3| ), agree everywhere. Consequently, for large n (f n , p n ,rf n ) and (f^, fi' n ,r]' n ) 
lie in the region where &\ is a local diffeomorphism and are therefore equal. That establishes 
injectivity. The surjectivity onto an ce neighborhood folows from the first inequality in ( |8 . 2[ ) . 
□ 

The norms ( |6.8| ) for A = induce a Banach manifold structure on (X) x ev {Y), and 
hence on its cover the model space AM S (\). But the gluing map identifies AA4 S (X) with the 
space of approximate maps A\, which has a possibly different norm as a subset of the Banach 
space Maps<,(C, Z\ x U). The next lemma shows that these two norms on TAA4 S are uniformly 
equivalent. 

Lemma 9.2 There are constants c,C>0, uniform on each compact Ks C Ai^ ' (X) x ev AiY(Y), 
so that for each tangent vector to Ai]/ (X) x ev JvCf/ (Y) each of its images (£u,,hu) under 

the differential of the gluing map (\6.3[) satisfy 



c||(e^)||i<||(^,Mlli<cil(^^)lli- 

Proof. Choose a path (f t ,jt) in (X) x ev M^(Y) with tangent (£, h) at t = and lift it to 
a path (F t , fit) £ AM. S with initial tangent vector (^,h^). By construction, the approximate 
maps agree with (ft,jt) outside the region = {p < 2|^| 1 / 4 } and so £ M = £ and = h off 
A^. Moreover, £ and £^ have the same average value in T p V , so we may assume without loss of 
generality that this average value is 0. Then on £ M = (1 — /3^)£ while h^ — his of order fit/ fi 



by Lemma 4.2 . By differentiating the relation atbtfif = A we see that fit/ fi is of order at/a + bt/b. 



Integrating on A^ and using Lemma 7.1 gives 

||(^-C,V-^)llM M <cH 1/8 ll(e^)lli 

uniformly on the compact K, (when 5 < 1/2). □ 

Lemma 9.3 There is a constant C , uniform for /q in Kg C M.}/ (X) x ev Jvl)/ {Y), such that for 
A small enough the tangent vectors (£, h) 6 TpA\ at the approximate map F = Ff „ satisfy 

IID^fcJIIo^ClAl^dlflU + H/ill). 

Proof. This time, choose a path (ft,jt) £ x ei , ,M]f with initial tangent vector (£o>^o) £ 
ker D^, lift to a path (Ft, fit) £ AM S , and let (£,h) be the initial tangent vector to the lifted 
path. On the neck p < l/xj 1 / 4 we again have £ = (1— /3u)£q- The lemma follows from the pointwise 
estimates 

|D M (£, fc) - D (C, h)\ < \dF^ -df \- + \h\) 

\B (Z,h)\ < |D (£,/i)-D (£o>o)| < |V/3 M ■ Col + |V $0 Jod/ Q o j\ + \j Q df o (h - h )\ 
combined with Lemma [T^. □ 

Proposition 9.4 For each e > 0, Ai{ lat (Z\) lies in an e- neighborhood of A s x for all A < \q(e). 
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Proof. As A n — ► 0, any sequence (f n ,j n ) G M.{ lat (Z\ n ) has a subsequence which converges as 
in ( |5.1| ) to a limit /o from an £-nodal curve Co- Write (X, j n ) = (C n ,/j n ) where C n is an £-nodal 
curve close to Co and choose p! n = (fi' n 1 , . . . , p' ni ) with A n = akbk(p,' n k ) Sk for each k; there are \s\ 
choices for each p' n which differ by roots of unity. That data defines corresponding approximate 
maps F n = Ff 0tlJ/ i : (Co,/4J — > Z\ n in A\ n via (p\2|). We will show that for some choice of p! n 

dist((C n)j u n ), (C 0! /4J) + dist(/ n ,F„) < e for large n. 



Lemma [^4 shows that (/j, n /Pn) S — > 1 at each node. After passing to a subsequence and modifying 
our choice of p! n we have Pn/p-' n 1- But then ( |4.8| ) shows that dist((C n , /x n ), (Co,/4J) — > 0. 

For any ro < 1/2 the maps F n and /o agree on the sets {p > ro} for all large n. Inside the 
region A(ro) near each node where p < ro, the vector £ n = F n — f n = P u (fo — fn) can be written 
as in = (Cn>Cn) as in (|6.5| ). But £ — ► because f n — > fo m C°, and Lemma |5J3] implies that 
IIClll,A(r ) — cr o ■ Taking ro small enough and using the fact that outside the neck ^4(ro) we 
have uniform convergence implies dist(/ n ,F n ) = c(||£||i + |£|) < e for large n. □ 

The next step is to correct each approximate map Ff^ u G A\ to get (P^,j^) a true (J,v)- 
holomorphic map. More precisely, (F',j') will be a solution of the equation 

djf = u f where (/, j) = exp^^P^) (9.4) 

and r, G A°' 1 (F*TZ X ). 

Proposition 9.5 There are constants e,Xq and C (uniform on JC$ C MY {X) x ev M^iY)) such 
that for each f G JC$ and < |A| < Ao equation \9.<j) has a unique solution n G A 0,1 (F*TZ\) in 

the ball \\t]\\ < e, and that solution is smooth and satisfies \\rj\\ < C|A|sJ. 
Proof. If we write (f,j) = exp^^(C) where £ = (£,,h) then 

djf -v f = d^F a - u Fft + D M (C) + Q M (C) (9.5) 
where is the linearization at (F M , j u ) and the quadratic Q u satisfies (c.f. 

||Q m (Ci)-Qm(Cj)II < C(||Ci||i + ||C2||i)||Ci-C2||i (9.6) 

Taking (" = P^r/ and noting that D u P u rj = n, equation ( |9.4| ) becomes 

r/ + Q(Purj) = v where v = v^ - d a fa (9.7) 

Define an operator T a on the Banach space obtained by completing £l 0,1 (f*TX) in our norm 
Q by 

T U 7] = V- Q^PnT]). 

Using Q and Q 



lir^-r^n < CdlP^lli + llP^IIOHP^-^lli 
< CE 2 ( H^ll + H7/2II) • \\vi -V2I 

Choosing e < 1/(4C^ 2 ), when [|T^(0)[| < e/2 then : P(0,e) P(0,e) is a contraction on 
the ball of radius e. Therefore T a has a unique fixed point 77 in the ball, and \\n\\ < 2||T^(0)||. 
Finally, since 77 G Lf oc we have £ = P77 G with Z)£ + Q(C) = P^ G C°°. Elliptic regularity 
then shows that £ and 77 are smooth. □ 
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10 Convolutions and the Sum Formula for Flat Maps 



We can now assemble the analysis of the previous several sections to show that the approximate 
moduli space, which is built from maps into Zq, is a good model of the moduli space of stable 
maps into the symplectic sum Z\. Recall that in Sections 3 and 5 we showed that as A — > stable 
maps into Z\ limited to maps into Zq and that the complex structure /U on their domains are 
determined by the limit map up to a finite ambiguity corresponding to the different solutions of 
the equation abfi s = A. That led to the definition of the model moduli space AM. S in Section 6. 
On the other hand, each element of AM S defines an approximate holomorphic map by equation 
); for each A this gives the gluing map 

T X :AM S A S (X) C Maps s (C,Z A x U) (10.1) 



whose image A S {X) we call the space of approximate maps. And indeed, Proposition shows 
that each such approximate map can be uniquely perturbed to be true (J, z/)-holomorphic map. 

In this section we will show that A s {\) is isotopic to M. S (Z\) through an isotopy compat- 
ible with the evaluation maps. Thus AM S {\) keeps track of the fundamental homology class 
[A^ s (^a)] which defines the GW and TW invariants of Z\ (we continue to assume that all maps 



have been stabilized as in Remark 3.4). Passing to homology, we then define a "convolution" 



operation and establish a formula of the form 

TW\ * TW¥ = TW Z (10.2) 

under the assumption that all curves contributing to the invariants are l^-flat (this condition will 
be eliminated in Section 12). 

We noted in fl3.11| ) that as A —* the limits of the <5-flat maps into Z\ lie in the compact set 
Ks of M v (X) x ev M V (Y). We will work on the corresponding compact sets AM S S and A S S (X) 
defined in 



Theorem 10.1 Fix an ordered sequence s and write \s\ = fl s i- For generic (J,v) and small 
\X\, there is an \s\-fold cover AM f of JC$ and a diagram 



U AMI —> U Mfl at (Z x ) 



st 1st 
MxM M 



(10.3) 



where the top arrow is a diffeomorphism onto its image and is isotopic to the restriction of ( \1 0. 1\) 
to AAi s s . The diagram commutes up to homotopy. Furthermore, there is a constant c = c(5) 
so that the image of &\ consists of maps which are (5 — c\)-flat, and the image contains all 
(5 + c\)-flat maps in M S {Z\). 

Proof. For each (/o,/^) € AM S the gluing map T\ associates a smooth curve and an 



approximate map F„ : — > Z\. By Proposition 9.1 any pair (/', Cy) that is L], close to 



T\(f,/j,) can be uniquely written as 

®\(f,H,v) = exPFf^CniPtf) ( 10 - 4 ) 



38 



for some lP s section r\ of the bundle A 0,1 with [|r/|| < e. Proposition |9.5| then used a fixed 
point theorem to show that for small |A| there is a unique such 77 = r](f,fi) such that ( 10.4| ) is 
(J, z/)-holomorphic. Then 

®\(f,V,ri) = exp^^^r/Cf,//)) 

is a smooth 1-parameter family of maps from AA4 S S to Maps s (C, Z\ x hi) with = T\ and the 
image of &\ lying in the (5 — cA)-flat maps in Ai s (Z\). The uniqueness of r\ in the fibers of A 0,1 , 
combined with Proposition |9.l| implies that the &\ is injective. 

It remains to show that &\ is surjective. But Proposition |9.1| shows that ( 10. 4| ) is onto at least 



a ce neighborhood of A\ s and Proposition 9.4 implies that Ai^ at {Z\) lies in that neighborhood 



when |A| is small enough. Hence for |A| small, each element of M^ at {Z\) can be written in the 

and ||r7||o < e; this rj must then be the unique fixed point 
□ 



form (11041 ) with {F,C„ 
r/(/, /i) of Proposition |9? 



G A{ +cX 



Thus is surjective. 



Diagram 10.3 leads to our first formula expressing the absolute invariants of a symplectic sum 
Z = Z\ in terms of the relative invariants of X and Y. Recall that the relative invariant GW X 
is obtained by forming the space M^ ns (X, A) of relatively stable maps and pushing forward its 
fundamental homology class by the map 



£v ■ M X „JX,A) 



M x , n x X' 



(10.5) 



We can also consider the space of stable maps from compact, not necessarily connected domains 
by taking the union of products of M. x n s {X, A) and again pushing forward in homology. The 



resulting class in the homology of A^ Xi « x X 
we observed in the introduction (see Figure 1) 
symplectic sum formula. 



x A s 



is the relative TW invariant (1.18). As 
it is the TW invariant that will appear in the 



To proceed, then we should replace the vertical arrows in Diagram 10.3 by the above maps 
Ey and pass to homology. We will do that in two steps, first incorporating the spaces TL X and 
then including the X n . In each case we will see that the operation of gluing maps defines an 
extension of the bottom arrow in Diagram 10. 3| , which we examine in homology. 



The Convolution Operation We can glue a map f\ into X to a map f2 into Y provided 
the images meet V at the same points with the same multiplicity. The domains of /1 and /2 
glue according to the attaching map £ of (p.8[), while the images determine elements of the 



intersection-homology spaces T~l XAs and T~CyAs which glue according to the map g of (|3.10|) . 
The convolution operation records the effect of these gluings at the level of homology. 

For each s the attaching map (|3.8j ) defines a bilinear form 

(&),: i?*(M; Q) (8) H*(M] Q) — ► iI*(M; Q) 

for i = £(s). Similarly, for each s the map g from ( |3.10[ ) induces a bilinear form on the homology 
of Tiy x TCy with values in RH2(Z), the (rational) group ring of H2(Z), namely 

( , ) : H*{H x ;Q)®H*(H Y r ;Q)^RH 2 (Z) 



(h , ti) 



a* 



h x til 



- X (A S ) 



E 

AeH 2 (Z) 



g*[A A , s D(h x ti)] t A . 
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This last equality holds because e 1 (A s ) is the union of components A^ iS = e 1 (A s ) n g 1 {A). 

Combining the two bilinear forms gives the convolution operator that describes how homology 
classes of maps combine in the gluing operation. 



Definition 10.2 The convolution operator 

* : H*{M x H x ; Q[A]) ® H*(M x Q[A]) 

is given by 



H*(M; RH 2 (Z)[X}) 



(k <g> h) * («' » ti) = E^t a2 ' (s) (6«X(*®'0 <fc,tf>< 



(10.6) 



The right hand side of ( 10. 6| ) includes three numerical factors which keep track of how maps 
glue when we form the symplectic sum. Recall that the powers of A record the euler characteristic 
in the generating series of the invariants ( p.. 3D and ( 1.17 ); the factor in ( 10. 6D the reflects 



the relation (3.7) between the euler characteristics when we glue along £(s) points. The factor 
\s\ is the degree of the covering in Theorem 10.1; this reflects the fact that each stable map into 
Zq can be smoothed in \s\ = s\ ■ ■ ■ S£ ways. Finally, note that elements in the space M.fl at (Z\) in 



Diagram are labeled maps, i.e. they have £(s) numbered curves on their domains as explained 
at the end of section 3. But the GW and TW invariants of Z\ are defined using the space of 
unlabeled stable maps, which is the quotient of the space of labeled maps by the action of the 
symmetric group. That accounts for the factor in \j£{s)\ is ( |10.6 ). 

Since TL X is the disjoint union of components TL X a s with A G H2(X) and degs = A • V, 
there is an isomorphism 



E 



X,A,s) 



t A - 



A deg s=A-V 



Below, we will identify h S H*(Hx) with J^A^AtA, where Ha are its components in H*{y-l XA ). 



Example 10.3 The formula for the convolution simplifies when there are no rim tori in X and 
Y, and therefore in Z (c.f. ( 1.13[) ). Then (i) the relative invariants have an expansion of the 
form ( |A.3j ), (ii) the map g of (|3.10| ) is the restriction to the diagonal A s C V s x V s , and (iii) the 
h part of the convolution ( 10.6! ) is then given by the cap product with the Poincare dual of the 
diagonal: 



9* 



h x h'\ 



PD(A S ) n(hx ti). 



We can then 'split the diagonal' by fixing a basis {C p } of H*(\_\ s V s ) and writing 

PD(A S ) = Y,Ql q C p X C* = CP x °p 



where Q^, >q is the intersection form of V s for the basis {C p } and C p = Qp, q C q is the dual 
basis. If {j 1 } is a basis of H*(V), let {C m } be the basis ( |A.4j ) of H*(\J S V S ) corresponding to 
{7*} and let {C m *} be the one corresponding to the dual basis {72} (with respect to Q v ). The 
convolution then has the more explicit form 



(re (8) h) * (re' <g> ti) 



E 

m 



\m\ 
ml 



A 2£(m) (Zi^))^®*') C* m (h)C* m *(ti). 



(10.7) 
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In passing from s to m, we used the fact that each fixed sequence m corresponds to 

\( m a,i), 

^ A A 

ordered sequences s. 



mi 



More generally, let X be a symplectic manifold with two disjoint symplectic submanifolds U 
and V with real codimension two. Suppose that V is symplectically identified with a submanifold 
of similar triple (Y, V, W) and that the normal bundles of V C X and V C Y have opposite chern 
classes. Let (Z, U, W) be the resulting symplectic sum. In this case, ( 3. lCf ) is replaced by 



g:H x x £ H Y ' ->H Z ' (10.8) 
which combines with the map £/>r s \ to give the convolution operator 

*: H*{M x H x y ;Q[X\)®H*(M x H Y ' W ;<Q[X\) — ► H*(M x Hz' W ;<Q[\]) (10.9) 



as in (10.6). It describes how homology classes of maps combine in the gluing operation for the 



symplectic sum. 

Finally, we include the evaluation maps which record the images of the n marked points. 



These combine with the projections from (2.7) to give the diagram 

U AM, — U M**{z x ) 

s s 



U(XUY) n \J(Z x ) n (10-10) 

n n 

U (ZoT 

n 

which commutes up to homotopy. We can also include the spaces M of curves from Diagram 
10j . Pushing forward then gives 7r *(TW£ * TW$) = ir Xsf (TW(Z x )). 



Theorem 10.4 Assume that all curves contributing to the invariants are flat along V . Then 
( lO.Q ) holds in the sense that for any a.Q G T(H*(Zq)) 



TW% uW (ir*a ) = (TW% UV * TW^ uW ) (ir^a ). (10.11) 



Proof. It suffices to verify this for decomposable elements «o = ® ' ' ' ® a o • a v> a x> 
a Y denote the restriction of ojq to V, X and respectively Y. We can then choose geometric 



of the Poincare dual of a v 



in V and Poincare duals B x of a x in X and B Y 



representatives B 

of a Y in Y which intersect V transversely such that moreover B 

the inverse image under tt x of B x U B y gives a continuous family of geometric representatives 



k x nv 



B Y nv 



B v . Then 



B^ of the Poincare dual of 7r* 



in H*(Z X ). The theorem then follows from Theorem 10.1 by 
cutting down the moduli spaces on the left of Diagram 10.10 by (Bx,By) and the ones on the 
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right by B\. Constraints in H*(M) are handled similarly. The details of such arguments are 
standard (c.f. pTl]]). □ 



We should comment on how the assumption that all maps are (5-flat enters the above proof. 



Notice that in the statement of Theorem 10.1 the <5-flat maps in AA4 S are paired with maps in 
M S (Z\) which are not exactly <5-flat — there is a slight variation in 5. But when all contributing 
maps are flat, the cut-down moduli space ev~ 1 (B\) C M.(Z\) limits as A — > to a compact 
subset of the open set Ai s x ev Ai s as in ( |3.1l| ). Hence for sufficiently small 8 the set of elements 
of the limit set which are <5-flat is the same as the set of 25-Hat elements, so the variation in 5 is 
inconsequential. 



Theorem 10.4 is a formula for the TW invariants evaluated on only certain constraints in 
H*(Z\) — those of the form 7r*(ao). The following definition characterizes those constraints. It 
is based on the diagram induced by the collapsing maps of 



T(H*(Z )) 

n* / \tt* (10.12) 

T(H*(Z)) T(H*(X) © H*(Y)) 

Definition 10.5 We say that a constraint a £ T(H*(Z)) separates as (ax,oty) if there exists 
an a 6 T(H*(Z )) so that ir*a = a and vr^(a ) = (a x ,a Y ) 6 T(H*{X) © H*(Y)). 

Here are three observations to help clarify which classes a E H*{Z) separate. These follow 
by combining the Mayer- Vietoris sequences for Z\ = {X \ V) U (Y \ V) 

H*' l (S v ) H*{Z) H*{X\V)eH*{Y\V) ► H*(S V ) 



and the similar one for Zq with the Gysin sequence for p : Sy — > V 

H*- 2 (V) H*{V) H*(S V ) H*- 1 ^). (10-13) 

(a) When the first map in ( |10.13[) is injective then all classes a separate. In dimension four, 
that occurs whenever the normal bundle of V in X is topologically non-trivial. 

(b) In general the separating classes are those a for which j*{a) £ H*(Sy) is in the image of 
the second map in (|10.13|) . 

(c) the decomposition (ax, ay), if it exists, is unique only up to elements in the image of 
5* X @5 Y : H*~ l (S v ) -» H*(X)@H*(Y) (the elements that can be "pushed to either side"). 



Using Definition 10.5 and for simplicity taking U and W to be empty, Theorem 10.4 becomes: 



Theorem 10.6 Suppose that all curves contributing to the invariants are flat along V and a 
separates as (ax, ay). Then 



TW z (a) = [TW\ * TW^) (a x ,a Y ). (10.14) 
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Note that when (ax, ay) decomposes as a = ax (8) ay the right hand side is TW x (ax) * 
TWy (ay), but in general (ax, ay) is a sum of tensors of the form (a x + a Y ) <8> • • • <8> (a x + a Y ) 



and the right hand side of ( 10.14 ) is the corresponding sum 



To focus on the decomposable case we make another definition: we say a is supported off the 
neck if the restriction j*(a) £ H*(Sy) vanishes. In that case a separates into relative classes 
ax S H*(X,V) and ay £ H*(Y,V), generally in several ways. For each such decomposition 
Theorem |10.6| gives 



TW z (a x ,ay) = TW\(a x ) * TWy' (ay). (10.15) 



This was the formula described in [ttP3l. 



Example 10.7 Take a to be the Poincare dual of a point in Z. This constraint is supported off 
the neck and has two independent decompositions depending whether the point is in X or Y. 



Example 10.8 Suppose a = ax (8> cty is supported off the neck and there are no rim tori in 
(X, V) and (Y, V) and that all curves contributing to the invariants are V-flat. Then we can 



choose a basis of H*(V) and expand the relative TW invariants as in Example 10. 5 . Combining 
(10.15) with ( |10.7| ) gives the explicit formula 



TW XtA ,z(ax,ay) 



E 



A=A 1 +A 2 
Xl+X2- 2e ( m ) = X 



x^M TW y }Auxiax . Cn 



■)- TW Lm,y (C m *;ay) 



Note that from the definition of relative invariants, the only terms contributing are those for 
which A\ ■ V = i(m) = Ai ■ V. E. Getzler has pointed out that the formula above can be neatly 
expressed in terms of the generating series ( |A.6[) and the intersection matrix Q v of V, specifically 



TW z (a x ,ay) 



exp 



a\ 2 Ql 



d d 



dz a ^ dw a j 



(TW^(a x )(z) 



TW^(a Y )(w] 



=w=0 



Because the decomposition of separating constraints a is not unique, we can often choose 



several different decompositions, and use Theorem 10.14 to get several expressions for the same 
TW invariant. That yields relations among relative TW invariants. In Section |l^ we will use 
that idea to derive recursive formulas which determine the relative invariants in some interesting 
cases. 



11 The space F and the S-matrix 

Starting from the normal bundle NxV of V in Z, we can form the P 1 bundle 

F = Fy = F(N X V®C) 
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over V by projectivizing the sum of the normal bundle NxV and the trivial complex line bundle. 
Let 7r : F — ► V be the projection map. In F, the zero section Vq and the infinity section Voo are 
disjoint symplectic submanifolds, both symplectomorphic to V . Moreover, note that F^yF = F. 



Under the natural identification of Vq with V^, the convolution operation ( 10.9 ) defines an 
algebra structure on H*(M x 7if' V ;Q[X\). That allows us to multiply by TW invariants. Of 
particular interest are the invariants with no constraints on the image, that is TW^ ,V (a) with 
a = 1, which give an operator 

* : H*(M x H$; Q[A]) -» H*(M x H% ; ®[\]) (11.1) 

defined by a power series as in ( |1.17| ) . This operator is key to the general symplectic sum formula 



given in the next section. In this section we describe ( 11.1 ) and its inverse and develop some 
examples. 

Each (J, i/)-holomorphic bubble map / into F projects to a map fy = ir o / into V. Although 
fy may not be (J, ^)-holomorphic, we can still ask whether fy is stable, using the second defi- 
nition of stability given after (|1.1|), namely / is stable if its restriction to each unstable domain 
component is non-trivial in homology. 

Definition 11.1 A (Vo,V^o)- stable map f : C — * F is F-trivial if each of its components is an 
unstable rational curve whose image represents a multiple of the fiber F o/F. 

Thus the F-trivial curves are rational curves representing dF with one marked point on the 
zero section and one on the infinity section, both intersecting with multiplicity d. Let Mi denote 
the set of F-trivial maps in M^ ),Vao and consider the disjoint union 

M$' V °° = Mi U Mr (11.2) 

where Mr is the set of non-F-trivial maps. 

For the next lemma we fix a metric g' on F for which tt : F — > V is a Riemannian submersion. 



The procedure described in the appendix of \ IP4 \ then constructs a compatible triple (u, J, g) on F 



for which 7r is holomorphic and is a Riemannian submersion. Using this metric, each perturbation 
term vy on V has a horizontal lift ir*vy in Q 0,1 (TF). We will call such a structure (to, J, g, ir*vy) 
a submersive structure. For submersive structures, each (J, 7r*z/y)-holomorphic map (/, j) into F 
projects to a ( J, 7r*^y)-holomorphic map (tt o /, j) into V. 



is 



Lemma 11.2 (a) Mi is both open and closed. The corresponding decomposition of ( |ji. j| J 

TW^' V (1) = I + R v ' v (11.3) 

that is, the F-trivial maps contribute the identity to the TW invariant. 

(b) The non-F-trivial maps have E(fy) > ay, where ay is the constant of Definition 3.1. 

(c) For each fixed A, n and \, the corresponding term in the convolution R m = R * ■ ■ ■ * R 
vanishes for m large enough. Therefore, the inverse of TW is well defined by: 

(t< v (i))~ = ]T(-irir. (n.4) 

m=0 
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Proof, (a) Clearly M.j is closed. To show that the complement of M.j is closed, suppose that a 
sequence (fi) in the complement converges to a trivial map / in the topology of the space of stable 
maps. Then the homology classes converge so, after passing to a subsequence, we can assume 
that each fi represents dF. Similarly, the stabilizations of the domains converge in the Deligne- 
Mumford space, so we can assume that all domain components of each fi are unstable. But then 
the fi lie in Aij. We conclude that M.\ is both open and closed. Finally, the decomposition 
( 11.2Q gives splitting ( |ll.3| ) of the TW invariant because convolution by elements of Mi is the 



identity. 

(b) If E(fv) < ay then, as in the proof of Lemma 1.5 of | IP4 |, every component of the 
domain is unstable and fy is trivial in homology and therefore / represents a multiple of F. 

(c) For each (J, v) , we shall bound the number N for which there are maps in the moduli 
space defining the convolution R N . That moduli space consists of maps / from a domain C 
(whose Euler class x an d number n of marked points is fixed) to the singular manifold F# • • • #F 
obtained from N copies of F by identifying the infinity section of one with the zero section of 
the next. Furthermore, these / decompose as / = [j f 3 where f 3 is a map from some of the 
components of C into the j copy of F. 

Fixing such an /, let N\ be the number of f 3 whose domain has at least one stable component 
Cj. These components appear in the stabilization st(C). But st(C) lies in the space of 
stable curves, and hence has at most dim M. Xt n components. This gives an explicit bound for 
Aq in terms of x an d n. 

The remaining N2 = iV— Aq of the f 3 each have a domain component with ft*[f 3 (Cj)] £ H2(V) 
non-trivial, so satisfy E(tt o f 3 ) > ay by (b) above. We therefore have 

N 2 a v < J2 E ^°f j ) < E{vof) < C[A(*(J)) + C V ], 
where the first sum is over those j contributing to N2 and the last inequality is as in the proof of 



Lemma 12.1. Since the symplectic area A(n(f)) of the projection is a topological quantity, this 



bounds N2 and hence N. □ 



Definition 11.3 The S-matrix is defined to be the inverse of the TW invariant of Lemma 11. i: 

-1 



Sy = (T<- 7 (1) 

(Note that this depends not just on V but on Ny and the 1-jet of (J,u) along V.) 



The symplectic sum of (X,U,V) and (F, V^, Vb) along V = Voo is a symplectic deformation 
of (X, U, V), so has the same TW invariant. The convolution then defines a operation 

H,{M xH% V ;Q[\])®H4M x7i^ V ;Q[X\) — » H*(M x H U / \ QW). 

Thus for each choice of constraints a £ T(F, Voo U Vq), the TW invariant of F relative to its zero 
and infinity section defines an endomorphism 

TW^' Vo (a) £ End (h#(M x H% V )Q[\]f) (11.5) 

which describes how families of curves on X are modified — "scattered" — as they pass through 
a neck modeled on (F, Voo, Vq) containing the constraints a. 



45 



The identity endomorphism in ( 11. g ) is always realized as the convolution by the element 



corresponding to that part of TW coming from F-trivial maps. Thus the statement that Sy 
means that the only curves present are those which are irreducible fibers of F. 



Id. 



Example 11.4 When V = P 1 , F — > V is one of the rational ruled surfaces with its standard 
symplectic structure. If we wish to count all pseudo-holomorphic maps, without constraints on 
the genus or the induced complex structure, the relevant S-matrix is the relative TW invariant 
with (k, a) = (1, 1). This case works out neatly: Lemma 14.6 implies that Sy = Id- 



Example 11.5 When we put no constraints on either the domain or the image Sy is an operator 
given in terms of TW^ ,V by the S-matrix expansion ( |11.2| ). In cases where there are no rim tori 



in F, we can expand the TW invariants in the power series ( A. 6 ) of the appendix. Letting 



TW Xj A(C m ; C m i) denote the relative invariant of F satisfying the contact constraints C m along 



Voo and C m > along Vq, the S-matrix expansion shows that Sy has an expansion like (A. 6) with 
coefficients 



+ 



J m,m' 



TWwl, ^(C m ; C m i) 



E E 

Aj^+A 2 =A mi 



12 The General Sum Formula 



In all of our work thus far we have assumed that the (J, z/)-holomorphic maps we are gluing 



are 5-flat as in Definition 3.1. In this section we remove this flatness assumption and prove the 
symplectic sum formula in the general case. 

The idea is to reduce the general case to the flat case by degenerating along many parallel 
copies of V . Thus instead of viewing Z\ as the symplectic sum X #yY along V we regard it as 
the symplectic sum of 2N + 2 spaces: X and Y at the ends and 2N middle pieces each of which is 
a copy of the ruled space F associated to V — see Figure 2 of the introduction. The pigeon-hole 
principle then implies that for large N all holomorphic maps into Z\ are close to maps which are 
flat along each 'seam' of the 2A^-fold sum. 

Lemma 12.1 There is a constant E = E Xt n t A(J,v) such that every (J, u) -holomorphic map into 
Z representing a class A £ H2(Z) has energy at most E. 
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Proof. In an orthonormal frame {e\,C2 = je±} on the domain, the holomorphic map equation 
is /*ei + J/*e2 = 2u{e\). Taking the norm squared and noting that (f*e±, Jf^) = f*u>(ei,e2) 
gives \df\ 2 = 2\v\ 2 + 2/*cj(ei, e2)- The energy is therefore the L 2 norm of v plus the topological 
quantity (u, A). The lemma follows. □ 

For the remainder of this section we fix the data x, n, A, J, v which determined the constant 



E of Lemma 12.1 and fix an integer N with 

Nay > E (12.1) 



where ay < 1 is the constant of Definition 3.1 



Fixing A, we partition the neck of Z = Z\ into 2N segments Z 3 using the coordinate t from 

Z 3 = {zeZ x | (j — N — l)e < t{z) < (j-N)e) j = l,...,2N 

where e is as in Figure 3. Squeezing the neck at the midpoints tj(z) = j — N — ^ of each of these 
segments defines a family 

Z -> D C C 2N+1 (12.2) 



as in Theorem 2.1 but with many 'necks'. Thus the fiber over (fj,\, . . . , fx^N+i), defined for 
|/x| << |A|, is a space Z\{^\, . . . ,{J,2N+l) with a neck of size fij inside each Z 3 and the fiber over 
fj, = is the singular space obtained by connecting X to Y through a series of 2N copies of 
the rational ruled manifold F associated with V. One such space is depicted in Figure 2 of the 
Introduction. 

Fix 5 > such that 5 < and consider the space M. = M. x ^^a{Z\) of holomorphic maps 
into Z\. Let f 3 denote the restriction of / € A4 to f~ 1 (Z 3 ). We can then define an open cover of 
M that keeps track of the values of j for which the energy E$(f 3 ) on the 5 neck around the cut 



is small as in equation fl3,4|) . Specifically, to each subset {ii, . . . , ik} of {1, ... , 2N} we associate 
the open subset of M. 

M iu " Ak = {f€M\ E 5 (f j ) < ay/2 for j = h, . . . , i k } . (12.3) 



Lemma 12.2 The M ll '''' lk cover M = M Xj n t A(Z\, A) and set theoretically 

M = |jAf - [jM ilM + \jM h ' i2 ' i3 - ... (12.4) 



Proof. Each / G M has J2j E (f j ) < E (f) < E , so implies that / G M i for at least one 

i. If E$(f 3 ) < ay/2 for exactly t of the j, then / is counted 



1 




times on the right hand side of ( 12.4| ). □ 



Now every / G M n >— lk has small energy in the segment Z 3 for j = i±, . . . ,i k . Replacing these 
Xj by fij = fi\j for those values of j (and keeping the remaining Xj fixed) defines a 1-parameter 
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subfamily Z^ of ( |12.2 ). That family degenerates in the middle of exactly k of the segments Z 3 . 

(12.5) 



At each of those degenerations / is 5-flat in the sense of Definition 3.1. Hence 

M ii,...i h =M v x x ev (M^' v ) k ~ 1 x ev M Y 
We can therefore apply the sum formula ( |10.6| ), obtaining, for a fixed A and x, 



TW x #y = TWjc * 



|-.,-.(T) 



V,V\k-l 



(TW^ V ) 



*TW%. 



(12.6) 



This formula appears to be dependent on the number of cuts 2N. However, there is a way to 
rewrite it to see that it is independent of N. Note that after multiplying by TW the middle sum 
is a binomial expansion, in fact, using Lemma |11.2| 3, 



27V 

E(-i: 

k=l 



fc-M^JCzw)*- 1 



1 - (1 - TW) 



2N 



1 



-R) 



2N 



TW 



TW~ 



Thus the middle part of ( |12.6 ) is exactly the S-matrix of Definition ( [11.3 ). This gives the 
symplectic sum formula in the general case. 



Theorem 12.3 (Symplectic Sum Formula) Let (Z, U, W) be the symplectic sum of(X, U, V) 
and (Y, V, W) along V . Suppose that a G T(Z) is supported off the neck as in Example 10. <jj . For 
any fixed decomposition (ax, cty) of a the relative TW invariant of Z is given in terms of the 
invariants of (X, U, V) and (Y, V, W) and the S -matrix ( 11.30 by 



TW^ W (a) 



TW 



u,v, 



ax) * Sy * TWy W (aY). 



X 



(12.7) 



In fact, the Theorem holds more generally when a separates as in Definition (10.12), except that 
the definition of the S'-matrix needs to be enlarged. Instead of restricting TW V ' to a = 1 we 
restrict it to the subtensor algebra Ty of T(F) generated by the kernel of the composition 

H*{¥) H*{S V ) H*(V) 

where Sy is the circle bundle on Ny, p* is the integration along its fiber and i : Sy — > ¥ is the 
inclusion. In that case we get an S'-matrix defined by 

Sy = {TW^' V \ Tv )- 1 (12-8) 



In the important case when U and W are empty Theorem 12.2 expresses the absolute invariant 
of Z in terms of the relative invariants of X and Y. 



Theorem 12.4 Let Z be the symplectic sum of (X, V) and (Y, V) and suppose that a £ T(Z) 
separates as (ax, ay) as in Definition ( [i 0.1k ). Then 

TWz(a) = (TW% * Sy *TW Y r )(ax,a Y ). (12.9) 



where Sy is the S-matrix \12.8Q . 
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If moreover a decomposes as a = ax ® cty then ( |12.9| ) becomes 

TWzia) = TW^(ax)*S v {av)*TW^{a Y ) 

where ay £ Ty is the pullback to F of the restriction of a to V . 

As a check, it is interesting to verify the symplectic sum formula in one very simple case 
where the GW invariant is simply the euler characteristic. 

Example 12.5 Consider the (J, i^)-holomorphic maps from an elliptic curve C with fixed com- 
plex structure representing the class 0. When u = all such maps are maps to a single point, so 
the moduli space is X itself. Furthermore, the fiber of the obstruction bundle at a constant map 
p is iif 1 (T 2 ,p*TX), which is naturally identified with T p X. The (virtual) moduli space for i/^0 
consists of the zeros of the generic section V = j c v of this obstruction bundle TX — > X. Thus 
this particular GW invariant is x(^0- 

Similarly, when u = the moduli space of V-regular curves is X\ V and its V-stable compact- 



ification, defined in [EP4|, is X. To compute the GW invariant relative to V, we need to know how 
many of these point maps become V-regular after we perturb to a generic ^-compatible v ^ 0. 
Because any V-compatible v is tangent to V along V the corresponding section V has x(X) zeros 
on X, out of which x(V) lie on V. Thus the relative invariant is GW\ = x(X) — x(Y)- Note 
that xO^V) = 2x(V"), so the S"-matrix is the identity in this case. The symplectic sum formula 
therefore reduces to the formula 

X (X) + X (Y) - 2 X (V) = x(X# V Y). 

Much more interesting examples will be given in Section 15. 

Finally, can also include ip and r classes as constraints. Recall that tfi G H 2 (M. g . n ) is the first 
chern class of £«, the relative cotangent bundle over at the ith marked point. There is similar 
bundle Li over the space of stable maps whose fiber at a map / is the cotangent space to the 
(unstabilized) domain curve, and whose chern class is denoted by ipi. It is also useful to pair 
each class with an a« £ H*(Z) and consider the 'descendent' T^{pti) = ev^(ai) U ipf. It is a 



straightforward exercise, left to the reader, to incorporate these constraints into Theorems 12.3 
andlliD. 



13 Constraints Passing Through the Neck 



Not every constraint class a £ H*(Z) separates as in Definition 10.12 . Yet for applications it is 
useful to have a version of the symplectic sum formula for more general constraints — ones whose 
Poincare dual cuts across the neck. Since the Poincare dual of a £ H*(Z) restricts to a class in 
H*(X, V) such a general symplectic sum formula will necessarily involve relative TW invariants 
of classes a £ H*(X \ V). That requires generalizing the relative invariant TW^, which was 
defined in [IP4] only for constraints in H*(X). 



We begin by recalling the 'symplectic compactification' of X\V which was used in [[P4]. Let 
X be the manifold obtained from X \ V by attaching as boundary a copy of the unit circle bundle 
p : Sy — > V of the normal bundle of V in X, and let p : X — » X the natural projection. Suppose 
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that Z is a symplectic sum obtained by gluing X to a similar manifold Y along S. We can then 
consider stable maps in Z constrained by classes B in Hk(Z), i.e. the set of stable maps / with 
the image f(x) of a marked point lying on a geometric representative of B. Restricting to the X 
side, such a geometric representatives define constraints associated with classes in H*(X,S). 

Specifically, given a class B £ H*(X,S), we can find a pseudo-manifold P with boundary Q 
and a map (ft : P — > X so that ^>(Q) C S 1 that represents B and use this to cut-down the moduli 
space. Thus for generic (J, v) 

e v (M V s {X,Aj)np{ci>{P)) 
defines a orbifold with boundary that we denote by 



TW V XA ^)- (13.1) 

After cutting down by further constraints of the appropriate dimension, this reduces to a finite 
set of points, giving numerical invariants constructed using </>. This is particularly simple when 
B £ H*(X \ V), i.e. when B can be represented by a map into X \ S. The cobordism argument 
of Theorem 8.1 of | IP4 | then shows that the relative invariants ( [13. ID are well-defined. Note that 



these relative invariants depend on B £ H*{X\V) not on its inclusion B £ H*(X). For example, 
rim tori and the zero class in H2(X, S) have the same image under p : X — > X, but might have 
different invariants (13.1). 



In general the constrained invariant (13.1) will not be well-defined but will depend on the 
choice of (p. The space 

J v x Maps((P, Q), (X, S)) (13.2) 

has a subset 

n 

W = |J {(J,i/,0) | there is a F-stable ( J, ^)-holomorphic map / with f(xi) £ p((f>(Q)) C V } 

i=l 

where for some map one of the marked points X{ lands on the projection of (f>(Q) into V. Except 
in special cases, W will have codimension one, and thus will form walls which separate ( |l 3.2 ) 
into chambers. 



Lemma 13.1 The number (13.1) is constant within a chamber. When B = [(f)] satisfies p*[dB] 



then there is only one chamber, and therefore (13.1) depends only on B. 



Proof. Any two pairs (f,(f>) that lie in the same chamber can be connected by a path (ft,<f>t) 
with ft(xi) £ 4>t(P \ Q)- The cobordism argument of Theorem 8.1 of | [P4 | then proves the first 
statement. 

Each B in the kernel of p*d can be represented by a map <f> as above with 4>(Q) of the form 
p^ 1 (R) for some k — 2 cycle R in V. After restricting the last factor of ( |13.2| ) to such </>, the wall 
W has codimension two, giving the second statement. □ 

The following lemma relates the invariants associated with different chambers. 

Lemma 13.2 1. If 4>i,(f)2 ■ P —> X are two maps that agree on dP then 

TW%(<h) = TW^ifo) + TW%(a) 
where a = [<£i#(-0 2 )] G H*(X \ V). 
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2. If 0i,02 define the same class in H*(X,V) then we can find 0' : R — > S where dR = 
Qi U (— Q2) such that 0' agrees with 0i on Q\ and agrees with 02 on Qi- Then 0i and 
02 #0' have the same boundary. Moreover, 



TW^(0 2 #0') = TW v x {cp 2 ) + TWx ■ TW V F 



vv 1 



This actually means that in order to extend the definition of the relative invariants from 
|pP4fl , we only need to pick one geometric representative B {any one) such that [B] G H*(X, V), 
[dB\ = (3 for each G Ker [ff*_i(5) -»■ 

Altogether, the invariants can be thought as giving (non-canonically) a map 

TW V X : T(X \V) — ► x ?#) (13.3) 

although they depend on the actual representatives for the class a as described in Lemma |13.2| . 



With this extended definition of the relative invariants the proof of Theorem 10.4 carries 
through. That proof began by choosing geometric representatives of constraints a which separate. 
For a general constraint a G H*{Z) we can still choose a geometric representative B of the 
Poincare dual, and consider its restrictions Bx and By to (X, S) and (Y, S) respectively. The 
remainder of the proof still applies, giving a sum formula relating the invariants TWz{a) of Z 



to the relative TW invariants ( 13. 3j ) of X and Y cut down by the constraints Bx and By- 



14 Relative GW Invariants in Simple cases 



The symplectic sum formula of Corollary |12.4 expresses the invariants of Xj^Y in terms of the 
relative invariants of X and Y . In the next section we will apply that formula to spaces that can 
decomposed as symplectic sums where the spaces on one or both sides are simple enough that 
their relative invariants are computable. That strategy can succeed only if one has a collection of 
simple spaces with known relative invariants. This section provides four families of such simple 
spaces. 

In some of the examples below the set 1Z of rim tori is non-trivial. In those cases we will give 
formulas for the invariants GW x defined in the appendix although, as the examples will show, it 
is sometimes possible to compute the GW X themselves even though there are rim tori present. 



14.1 Riemann Surfaces 

For Riemann surfaces one can consider the GW invariants as absolute invariants or relative to 
a finite set of points. These invariants count coverings, and the homology class A is simply the 
degree d of the covering. 

In dimension two the symplectic sum is the same as the ordinary connect sum — one joins 
two Riemann surfaces by identifying a point on one with a point on another, and then smooths. 
Of course, to apply the sum formula one must first find Sy, which in this case is built from the 
relative invariants of (P , V) where V = {po, Poo} two distinct points and where the constraints 
lie on V. In that context, we fix a nonzero degree d and two sequences s, s' that describe the 
multiplicities of points at the preimages of po and p^ respectively. 
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Lemma 14.1 The invariants GWj g s s , with no constraints except those onV = {po, Poo} vanish 
except when g = and s and s' are single points with multiplicity d. In that case 

GW% M = l/d 

Moreover, in dimension two the S-matrix is always the identity. 

l — _ j.„ „r "T~ 

L d,g,s,s' 



Proof. This invariant is the oriented count of the O-dimensional components of ss'- But 



usm 



g (HD 



dim Mlg jS>s , = 2d + 2g -2 + £(s) -degs + £(s') -degs = 2g - 2 + £(s) + £(s') 

is zero only if g = and £{s) = l(s') = 1, i.e. s and s' specify single points with multiplicity d. 
If we stabilize, there is only one such map, given by the equation z — > z d , so it's contribution to 
GWY s , is l/d. This map is F-trivial, and hence doesn't contribute to the S-matrix. □ 

The same dimension count gives the invariant with one constraint: 



Lemma 14.2 The invariants GWj g s s ,(b) with one fixed branch point and no other constraints 
except those on V = {po, Poo} vanish except when g = and £(s) + £(s') = 3, in which case 
GW%o iStSl = 1. 

Perhaps the most interesting two-dimensional example is the g = 1 invariant of the torus T 
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Lemma 14.3 The g = 1 invariants of the torus relative to a set V of k > points form a series 

GWY{T 2 ) = Y, GW d,i(T 2 )t d 
that is equal to the generating function for the sum of the divisors a(n) = J2d\n d, namely 

OO OO 1 ,d 

G(t) = $>(™)* n = ET37d- 

n=l d=l 1 1 

Proof. This is a matter of counting the (unbranched) covers of the torus. That was done in 



| IF* 1 1 for k = 0. In general, for each degree d cover each point of V has d inverse images, each 



with multiplicity one. Following the notations of [IP4] we order the inverse images and divide by 
d\, leaving us with G(t) again. □ 



14.2 T 2 x S 2 

Next we consider the g = 1 invariants of X = T 2 x S 2 . Thinking of this as an elliptic fibration 
over S 2 , we fix a a section S and two disjoint fibers F and denote the corresponding homology 
classes by s and /. Focusing on the classes df and s + df for d > 0, we can form generating 
functions for the absolute GW invariants and the GW invariants relative to one or two copies of 
the fiber. 

First consider the classes df, where the invariants GWdj^i, GW^ 1 , and GW d j\ have dimension 



by ( 1.15 ). There are no rim tori in X \ F, and when V is one or two copies of the fiber we have 



t = d ■ f ■ V = 0, so V 1 is a point in flTT^ ). Therefore GW[ f l has values in H 2 (X) and GW|;f 
has values in 7i v = H2(X) x 1Z. Thus all three invariants can be written as power series with 
numerical coefficients. 



52 



Lemma 14.4 The genus one invariants GW and GW F in the classes df are given by 
J2GW dL1 tj = 2G(t f ) and ^GW^lj = G(t f ) 



with G(t) as in ( 14-i ) ■ The corresponding relative invariants GW F,F are indexed by classes 



df + R for rim tori R and these all vanish: 



Proof. The generic complex structure on a topologically trivial line bundle over T 2 admits no 
non-zero holomorphic sections. After projectivizing, we get a complex structure on T 2 x S 2 for 
which the only holomorphic curves representing df are multiple covers of the zero section Fo and 
the infinity section F^. This is a generic ^-compatible structure for V = Fq or Fq U Foq. As 



in Lemma 14.3 these contribute G(t) to the power series for these invariants. (Note that for the 
relative invariant, we compute only the contribution of curves that have no components in V). 
□ 



The invariants for the classes s + df are more complicated. By ( |1.15 ) the corresponding 
moduli spaces have dimension 4, so become points in Ti^ after imposing two point constraints; 
these constraints can be either points p £ X \ V, or Ci(q), a contact of order 1 to V at a fixed 
point q G V . Again rim tori R appear only for the invariant relative to two copies of a fiber. 

Lemma 14.5 The genus one invariants GW and GW F in the classes s + df, d > 0, are 

J2GW s+dfA (p 2 )t d f = 2G'(t f ) and J2 GW s+df,i(p;Ci(p))t d f = G'(t f ). 
d d 

The corresponding relative invariants GW F,F can be indexed by classes s + df + R for rim tori 
R and those with two point constraints on V vanish: 



2G'{t) if f3 = p 2 and R = 0, 

E GW s+df +R i (0) ts+df+R = { G'{t) ifP = p; Ci (p) and R = 0, 

d o ifj3 = C 1 (p);C 1 (p). 



Proof. We can compute using the product structure Jo on T 2 x S 2 . Consider a Jo-holomorphic 
map representing s + df, passing through generic points p\ and p2, and whose domain is a genus 1 
curve C = UCj. The projection onto the second factor gives a degree 1 map C — ► S 2 , so C must 
have a rational component Co which represents s. The projection of the remaining components 
is zero in homology, therefore they are multiple covers of the fibers. Because the total genus is 
one there is only one such component. 

Summarizing, for the product structure Jo the only g = 1 holomorphic curves representing 
s + df have two irreducible components, one of them a section S, and the other a multiple cover 
of a fiber F £ V. The constraints require that S pass through p\ and F pass through p2, or vice 
versa. For each of those two cases there are d choices of the marked point on the domain of F, so 
the count is the same as in Lemma 14.4 with G(t) replaced by G'(t). This gives the first formula. 
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The count for the second formula is similar. Any ^/-regular genus 1 holomorphic map through 
an interior point p and a point q £V has two components: a section through g and a d-fo\d cover 
of a fiber F through p. The fiber domain can be marked in d ways, giving the count G'(t). 

For the invariant relative two copies of the fiber F, there are rim tori, but the discussion 
above implies that for Jo the only holomorphic curves in the classes s + df + R appear only for 
R = (where these curves define what R = means). □ 



14.3 Rational Ruled Surfaces 

Here let F n be the rational ruled surface whose fiber F, zero section S and infinity section E 
define homology classes with S 2 = —E 2 = n. We will compute some of the relative invariants 
GW V with V = S U E and with no constraint on the complex structure of the domain (k = 1). 

Fix a non-zero class A = aS + bF and two sequences s,s' of multiplicities that describe the 
intersection with S and E respectively. The relative GW invariant with no constraint on the 
complex structure and k marked points lies in the homology of the moduli space in X k x S l x E e 
with £ = £(s) and £' = £{s'). After imposing constraints a = (cti, . . . , a^) 

GW^ SjS ,(a) G tf*(5 £ )® H4E*') 

where S — E = P . Noting that the canonical class of F n is K = —2S + (n — 2)/ and degs = 
E ■ A = b and deg s' = S ■ A = b + na, we have 

idimGWff aa ,(a) = (n + 2) a + 2b + g - 1 - (degs - £(s)) - (deg s' - £(s')) - dega 
= 2a + g - 1 + £ + £' - deg a 

But SV S has dimension £(s), so the moduli space represents zero in homology unless dim A4 ff) fc jSjS /(Fix, A) < 
£ + £', so we always have 

2a + g < 1 + dego. (14.2) 



S E 

Lemma 14.6 The invariants GW A ' g s s , with no constraints except those onV = SL)E vanishes 
except when A = bF, g = 0, and s and s' are single points with multiplicity b > 0. In that case 

Moreover, the S-matrix in F n vanishes. 



Proof. It suffices to show that the only contributions to GW from classes A = aS + bF come 



from unstable rational domains with a = 0, i.e. from F-trivial maps. Taking k = a = 1, (14.2) 
implies that A = bF and g = or 1. Moreover, because every bF curve intersects both E and 
S, we have £ + £' > 2, and when g = stability of the domain requires that £ + £' > 3. In these 
cases the moduli space s S /(F, bF) is either empty or has dimension > 2. 

Suppose that the moduli space is non-empty and the above stability conditions hold. Since 
E and S are copies of P 1 , H^S^) (g> H„,(E e ) is generated by point or [P 1 ] constraints. Then for 
each generic (J, v) there are maps / in the moduli space whose images passes through at least 
two fixed points p, q G E U S in generic position. Take (J,v) — > (</o>0) where Jq is a complex 
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structure with a holomorphic projection ir : ¥ n — > P 1 . In the limit we obtain a connected stable 
map /o through p and g with components representing a^S + bif such that bF = J2 a>iS + 
But then each m = 0, so the image of tt o /q is a single point containing 7r(p) and 7r(g). This 
cannot happen for generic p, q. 



Thus MV s s ,(F,bF) consists of F-trivial maps (c.f. Definition |1 representing ^4 = 6.F. 
Such maps do not appear in the S-matrix. □ 

Lemma 14.7 Fix a point p € F \ V with V = E U S. Then GW\ gss i{p) vanishes except in the 
following cases: 

(i) GWjjp^ s ,(p) = 1 when s and s' are single points with multiplicity b > 0. 

(ii) GWs+bFO s s ,(p) = SV S x SV s i whenever deg s = b, deg s' = b + n. 



Proof. From ( |14.2| ) we have GW^ s+bFg s s ,(p) = unless 2a + g < 2. Thus either (i) a = 0, or 



(ii) a = 1 and g = 0. 

In case (i) each map contributing to the invariant represents bF, passes through p, and hits E 



and S. Hence dim M v a ' s S ,(F, 6F) = £?-l+^(s)+^(s / ) with ^(s)+^(s') > 2. The limiting argument 



used in Lemma 14.6 then shows that GW^ Fg s s ,(p) vanishes unless g = and £(s) = i(s') = 1. 
Thus s and s' are single points of multiplicity b, and the maps pass through p. Moving to the 
fibered complex structure, one sees that there is a unique such stable map for each b > 0. This 
gives (i). 

In case (ii) the moduli space M.q s s ,(¥, S + bF) has dimension £(s) +£(s') and is empty unless 
b > 0. That means Mq s s ,(¥, S + bF) is a multiple of SV S x SV S ', so invariant vanishes except 
when all contact points on E and S are fixed. By the adjunction inequality, any irreducible curve 
C representing S+bF is rational and embedded, so we can compute the invariant by intersections 
in ¥(H°(F n , 0^ n {S + bF)) (the standard complex structure on F n is generic for these curves C 
because h l {C; <D(S + bF)\ c ) = h 1 {F 1 ;0{n + 2b)) = 0). But h°(F n , 0{S + bF)) =n + 2 + 26, and 
each of the conditions imposed (including multiplicities) are linear conditions. Thus the number 
of curves representing S + bF passing through a point p and meeting E and S at fixed contact 
points is 1. □ 



14.4 The Rational Elliptic Surface 

As a final example we consider the rational elliptic surface E. Let / and / denote, respectively, 
the homology classes of a fiber and a fixed section of an elliptic fibration E — > P . The following 
lemma describes the invariants relative to a fixed fiber F in the classes A = s + df where d is an 
integer. In this case there are rim tori in E \ F, suggesting that one use the average invariant 
GW defined in the appendix. However, the lemma shows that the average contains only only 
one non-zero term (as happened in the last case of Lemma 14.5| ). 



Lemma 14.8 The genus g relative and absolute invariants of E in the classes s + df £ H.2{E) 
are related by: 



GW s+df , g (p°) = GW^^-C^f)) = GW^JpV-C^f)) 

where the second equality means that GW F can be indexed by classes s + df + R for rim tori R 
and these vanish whenever R ^ 0. 
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Proof. The first equality holds because generically all maps contributing to the absolute invari- 
ant are ^-regular. That is true because if some component of a stable map is taken into V = F, 
then that component must have genus at least 1 . But then the remaining components have genus 
less than g, so cannot pass through g generic points. 

The second equality follows from a projection argument like the one used for Lemma |14.5 . 



Consider a curve be C = UCj representing s + df which is holomorphic for a fibered complex 
structure Jo on E. Since the projection to P 1 gives a degree one composition, C must have a 
rational component Co that intersects each fiber in exactly one point, while the other components 
are multiple covers of fibers, so represent df G Hi{E \ F). Moreover, Co is an embedded section 
representing s. Since s 2 = — 1 then Co must be the unique holomorphic curve in the class s. 
Thus the only curves in the class s + df + R appear only for R = 0. □ 



The invariants of Lemma 14.8 will be explicitly computed in section 15.3. 



14.5 Rational relative invariants 

Counting rational curves requires only the g = relative invariants and the corresponding S- 
matrix. The following two propositions show that these are particularly simple: the S-matrix is 
the identity and the relative invariant is the same as the absolute invariant in the absence of rim 
tori. 

Proposition 14.9 When g = 0, s = (1, . . . , 1) and A G H2{X), the relative invariant (summed 



over rim tori as in (A.l)) equals the absolute invariant: 



' GW%(a;C s (rf)) = GW Afi (a;i^)) 



where a = (ai, . . . , a n ) G (H*(X)) n , 7 = (71, ... ,7^) G (H*(V)) e and u : H*(V) -> B m (X) is the 
inclusion. 

Proof. Fix a generic ^-compatible pair (J, v). Recall that ( J, v) is generic for curves that have 
no components in V, and also its restriction to V gives a generic pair on V. However, for a curve 
entirely contained in V, even though (J, v) is generic when the curve is considered in V, it might 
not be generic when the curve is considered in X. 

For any genus g and ordered sequence s, consider the natural inclusion: 

Mx,A,g,s ^ M x ,A,g 

where A G H2(X), so on the left we took the union over all rim tori. When s = (1, . . . , 1), any 
element in Aix,A,g that has no components in V is in fact an element of M x a g s- We will show 
that for generic ^-compatible (J, v), when g = the contribution of the moduli space of curves 
with some components in V to the absolute invariant vanishes, and therefore the two invariants 
are equal. 

For simplicity, start with the case when / has only one component, and this is entirely 
contained in V. Then A = i*{A ) with A Q G H 2 (V), and £(s) = A ■ V = ci{N x V) ■ A. Then the 
moduli space of such curves has 

i 

dim Mv,A ,g{i*l) = -Ky ■ A + (dim V - 3)(1 - g) - ^(dim V - dim 7;) 



i=l 



dimM^ Ag ( 7 )-l + 3 
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as in equation(6.4) of |IP4|. This means that for genus g = the dimension of the moduli space 
of curves entirely contained in V is one less then the (virtual) dimension when considered as 
curves in X. Therefore if the virtual dimension in X is 0, there are no curves in V who could 
contribute. The general case of a curve with some components in V and some off V follows 
similarly. □ 



Proposition 14.10 The g 

bundle N . 



part of the S-matrix is the identity for any V and any normal 



Proof. By (11.3) this statement is equivalent to showing that there is no contribution to the 
g = GW-invariant coming from maps into F which are not F-trivial. Consider the dimensional 
moduli space M^Ao'sil) constrained only along Vq and Voo, such that the corresponding GW 
invariant is not zero. By Theorem 1.6 of |P4j the same moduli space would be non-empty for the 
submersive structure associated with a generic vy on V (as defined before Lemma 11.3). Then 
each / G Mr would project to a map fy in J^iy.Tr f A,o,s that passes through the 'y constraints. 



But counting virtual dimensions using equation (6.4) of [IP4], we see that 



dim M 



y,7T*A,0,S 



(7) 



dim M 



vy 

¥,A,0,s 



(7) — index D 



N 



+ 5-1 



is negative when g = 0, so this moduli space is empty for generic vy . □ 



15 Applications of the Sum Formula 



This last section presents three applications of the sum formula: (a) the Caporaso-Harris formula 
for the number of nodal curves in P 2 , (b) the formula for the Hurwitz numbers counting branched 
covers of P 1 , and (c) the formula for the number of rational curves representing a primitive 
homology class in the rational elliptic surface. These formulas have all recently been established 
using Gromov-Witten invariants in some guise. Here we show that all three follow rather easily 
from the symplectic sum formula. 



15.1 The Caporaso-Harris formula 

Our first application is a derivation of the Caporaso-Harris recursion formula for the number 
N d > s {a,(3) of curves in P of degree d with 5 nodes, having a contact with L of order k at a& fixed 
points, and at (3^ moving points, for k = 1,2,... and passing through the appropriate number r 
of generic fixed points in the complement of L. 

For this we consider the pair (P, L), which can be written as a symplectic connect sum: 

(P 2 ,L) # (¥ U E,L) = (P 2 ,L) (15.1) 

L=E 

where (Fj, E, L) is the ruled surface with Euler class one with its zero section L and its infinity 
section E. We can then get a recursive formula for the TW invariant of (P 2 ,L) by moving one 
point constraint pt to the F side, and then using the symplectic sum formula. 



The splitting ( 15.1 ) is along a sphere V = E = L, so there are no rim tori. The relative 



invariant therefore lies in the homology of SV and is invariant under the action of the subgroup 
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of the symmetric group that switches the order of points of same multiplicity. A basis for this 
homology is given by (A. 4), where {7^} with 7 1 = p a point and 72 = [P 1 ] is a basis of H*(V). 

To recover |CH| notation, for each sequence (m a ^), denote a a = m a ^ and a = m a ,2i and let 
a = (ax, ai2, . . .), (3 = (0i,02, ■ . . )• Then with this change of coordinates, 

N d > s (a,0) = TW^ dL ^(p r ,C m ) 

where x ~ 2<5 = —d{d — 3) is the "embedded euler characteristic" and r = 3d + g — 1— J2 a i ~ 
J2(Pj ~ l)i and we are imposing no constraints on the complex structure of the curves. Similarly, 
let 

N a > b >x(a',/3'; p; a,/?) = TW^ L+hF>¥ {C m ;p; C m .) 

denote the number of curves of Euler characteristic x in F representing aL + bF that have contact 
described by (a', (3') along E, (a, 0) along L and pass through an extra point p 6 F (we prefer 
to label these numbers using x rather then the number of nodes). 

By Lemma 14.6 the S-matrix vanishes. The symplectic sum theorem then implies: 

N d ' x (a,0) = X>'I • \0'\-N d '' x '(a',0')-N d ' d '' b ' x "(0',a';p;a,0) 

where the sum is over all a', 0' and all decompositions of (dL, x) into (d'L, x') and ((d — d')L + 
bF, x") such that x = x'+x" — 2£(a') — 2£(f3'). Combining Lemmas 114.61 and 114.7 we see that there 

E L 

are exactly two types of curves that contribute to the relative GW invariant TW pl ' (C sr/ ;p; C sr/ ) 
of F with one fixed point p. 

1. several g = unstable domain multiple covers of the fiber, one of them say of multiplicity 
k passing through the point p, corresponding to the situation d' = d and 

0' = (3 + e k ; a = a-e k 
where e k is the sequence that has a 1 in position k and everywhere else. 

2. several g = unstable domain multiple covers of the fiber together with one g = curve in 
the class L + aF passing through p and having all contact points with E and L fixed say 
described by a' Q and uq; this corresponds to d' = d — 1 and the situation 



a 



ao + a; = a + /3; equivalently 0' > 0; a > a 



In each situation above, the number of ^-stable curves is 1. In the second case, note that there 
are (",) choices of ao and (^) of a . Moreover, for each F-trivial curve its invariant combines 
with its corresponding multiplicities in |s'|£(s')! to give 1. Therefore, the remaining multiplicity 
in case 1 is k, while in case 2, is \a' \ = \0' — 0\. Putting all these together, we get: 

N d > s (a, 0)=J2 kN d > 5 ' (a-e k ,0 + s k ) + J2 W ~ P\ (") W N^ 1 ' 6 ' (a',0') 
where the last sum is over all 0' > 0, a' > a. This is exactly the Caporaso-Harris formula. 
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15.2 Hurwitz numbers 



The method of section 15.1 can also be applied for maps into P 1 . In that case the symplectic 
sum formula yields the cut and paste formula for Hurwitz numbers that was first proven using 
combinatorics by Goulden, Jackson and Vainstein in [ GJV| . (Recently Li-Zhao-Zheng [LZZj have 
derived a similar formula using 



The Hurwitz number Nd t g(a) counts the number of genus g, degree d covers of P 1 that have 
the branching pattern over a fixed point pgP 1 specified by the unordered partition a of d, while 
the remaining branch points are simple and fixed. We can get at these numbers by regarding the 
pair (P 1 ,^) as a symplectic sum: 

(P 1 ,p) = (P 1 ,x) # (F\y,p) (15.2) 

x=y 

We then get a recursive formula for the GW invariant of (P 1 ,^) by moving one simple branch 
point b to the (P 1 ,?/,/?) side and applying the symplectic sum formula. 

In fact the Hurwitz numbers are the coefficients, in a specific basis, of the GW invariants of 
P 1 relative to a point V = p. More precisely, each unordered partition a = (a\,a2, ■ ■ ■) of d 
defines numbers m a = | ai = a}; let C m be the corresponding basis ( |A.4[ ) (in this case the 
basis {7j} of H*(V) has only one element). Then 

N d Ja) = GW^ 1Ag (b r ;C m ) 

is the number of degree d, genus g covers that have the branching pattern over pGP 1 determined 
by a, and r = 2d — 2 + 2g — 2 — J2( a ~ ^) m a other fixed, distinct branch points. (Note that the 



branching order is the order of contact to p = V). The corresponding generating function (A. 6) 
is 

a a ' 

Now apply the symplectic sum formula to the decomposition ( |15.2| ), putting r — 1 branch 
points on the first copy of P 1 and one on the second copy. Since there are no rim tori and the 
S"-matrix vanishes by Lemma |14.1| we obtain 

where the sum is over all m! = (m±, m^, . . . ) and all xii Xi such that 2 — 2g = \i + X2 — 2£(m') 



and so that the attached domain is connected. But TW = exp GW and Lemma 14.2 implies that 



the only possibility for the last factor in ( |15.3 ) is a union of trivial spheres together with a degree 



a sphere constrained by C a at one end and Cj j with i + j = a at the other end (plus the branch 
point in the middle). Therefore there are only two possibilities for the other factor and for the 
partition a' corresponding to ml . 

1. a = (3) and a' = (i + j, (3) for some [5, so the covering map has genus g and degree 
d. 

2. a = (a, (3) and a' = (i, j, f3) with a = i + j. Then xi = 2# — 4 so the covering map is either 
genus g — 1 and degree d or genus g\ , 52 of degrees d\ , c?2 • 
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The sum formula ( |15.3| ) can then be written as a relation for the generating function, namely 



d Zi d Z4 G + d Zi G-8 Zi G 



i,i>l 



+ (i + j)ziZjd Zi+j Gj 



This is the 'cut-join' operator equation DG = of [GJV|. It clearly determines the Hurwitz 
numbers recursively. The same formula works to give the 'Hurwitz numbers' counting branched 
covers of higher genus curves. 



15.3 Curves in the rational elliptic surface 

We next consider the invariants of the rational elliptic surface E — ► P . Using the notation of 
section |14.4| will focus on the classes A = s + df where d is an integer. The numerical invariants 
GWA, g {p 9 ) then count the number of connected genus g stable maps in the class s + df through 
g generic points (with no constraints on the complex structure of the domain). For each g these 
define power series 

F g (t) = J2GW djg (p9) t d t s 

d>0 



where t = tf. Recently, Bryan-Leung ]BL| ] proved that 

F g (t)=F (t)[G'(t)] 9 (15.4) 



with G as in (14.1) and 



1 ° 2 



^°(i) = * s (nr-pj • (15 - 5) 

As mentioned in the introduction, this formula is related to the work of Yau-Zaslow [ YZ] and to 
more general conjectures (such as those stated in |Go(| ) about counts of nodal curves in complex 
surfaces. 

We will use our symplectic sum theorem to give a short proof of this formula, beginning with 
the g = case. The proof is accomplished by relating F(t) to the similar series of elliptic {g = 1) 
invariants 

H(t) = Gw d,i(n[f*}) t d t s 

d>0 

where /* £ H 2 (E) is the Poincare dual of the fiber class and where ti[/*] = ev* (_/"*) n ifii is the 
corresponding 'descendent constraint' described at the end of section |l2|. 

We will compute H in two different ways. The first is based on the standard method of 
'splitting the domain', which yields the following general facts for 4-manifolds. 

Lemma 15.1 Let X be a symplectic ^-manifold with canonical class K. (a) For ^4 = and 
g = 1 the GW invariant with a single constraint B € H 2 (X) is 

GWb,i(B) = ^K-B, (15.6) 
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(b) For any classes A, f £ H2(X) satisfying A ■ K = — 1 

GW A ,i(n[f*}) = ^-^-(A 2 + K-A)GW A0 + J2 (f ■ A 2 ){Ai ■ A 2 )GW Ai ,iGWa 2 , . 

A±+A 2 =A 
A^O, A 2 ^0 

Proof, (a) For v = 0, M 1A (X,0) is the space x X of 'ghost tori' / : (T 2 ,j) -► X with 

/(z) = p a constant map. At such /, the fiber of the obstruction bundle is H 1 ^ 2 , f*TX) = 
H l (T 2 ,0) <g> TX. The dual of the bundle H 1 ^ 2 , O) over M 1A is the Hodge bundle. Since the 
first chern number of the Hodge bundle is —1/24, the euler class the obstruction bundle is 

X(X)[M 1A ] ®l + ^l®Ke H 2 (M 1A x X). 

For v ^ 0, the (virtual) moduli space is the zeros of a generic section of the obstruction bundle, 
which consists of (i) maps from a torus with any complex structure to x(X) specified points of 
X and (ii) maps from a torus of specified complex structure into some point on the canonical 
divisor. Generically, the images of the type (i) maps will miss the constraint surface representing 
A. The maps of type (ii) give the formula (15.6). 



(b) The genus 1 topological recursive relation says 

GW AA (T[f*]) = ^GW Afi (H a ,H a ,f) + J2 J2 GW MAHa)GW A2fi (H a ,f) 

Ai+A 2 =A a 

where {H a } and {H a } are bases of H*(X) dual by the intersection form. But for A ^ 
GW Aj o(H a , HP , /) vanishes by dimension count unless H a and H@ are two-dimensional, and 
then each A-curve hits a generic geometric representative of H a at H a ■ A points counted with 
algebraic multiplicity. A dimension count also shows that the moduli spaces with A\ = A and 
A 2 = are of the wrong dimension to contribute to the double sum above. Hence the expression 
above becomes 

i- J2(H a ■ A){H a -A)(f- A) GW Afi + ]T (H a ■ A x ){H a ■ A 2 )(f ■ A 2 )GW Alil GW M , 

A 1 +A 2 =A 
A!#0, A 2 ^0 

plus the term with A\ = 0, which by (|15.6| ) is 

^(K.H a )GW Afi (H a ,f) = ^(K-H a )(A.H a )(A.f)GW Afi . 
The lemma follows because ^2(H a ■ Ai)(H a ■ A2) = A\ ■ A2- □ 



Taking X to be the rational elliptic surface E, we can apply Lemma |15.1] with A = s + df. 
Then K = — /, A ■ f = 1 and A 2 = 2d — 1. The only possible decompositions are A\ = kf and 
A 2 = s + (d - k)f so: 

GW s+dfA (T[f]) = ^GW s+dffi + Y, kGW kf,iGW s+{d _ k)ffi 

k=l 

But for the rational elliptic surface the invariant GW^ifs) is cr(k) for k > 0. (Since in F 2 there 
is a unique cubic through 9 generic points. As in section 4 of pPlfl , for each k there are a(k) 
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distinct fc-fold covers an elliptic curve with marked point, all with positive sign). Because the 
marked point can go to any of s ■ kf = k points, this means that the unconstrained invariant is 



GWfc/,1 = a{k)/k for k > 0. 

It follows that 

Hit) = ±-(tF{,-F )+F .G. (15.7) 



On the other hand, we can calculate H{t) by splitting the target and using the symplectic 
sum theorem. Let F = T 2 x S 2 , and let F denote both a fiber of of the elliptic fibration E and 
a fixed torus T 2 x {pt} inside F. We can apply sum formula by writing E = E#p¥ for the class 
A = s + df with the constraint on the F side. Since A ■ F = 1, the connected curves representing 
A split into the union of connected curves in E and in F; thus the symplectic sum formula applies 
for the GW (as well as the TW invariants). 

If we have a genus curve on the F side in the class s + d\F, then by projecting onto the 
T 2 factor and noting that there are no maps from S 2 to T 2 of non-zero degree, we conclude that 
d\ = 0. But the moduli space of genus curves in F representing s and passing through F is 
isomorphic to F = T 2 , and moreover the relative cotangent bundle to them along F is isomorphic 
to the normal bundle to F. So 

GW St0 (T 1 [f*]) = GW sfi ((n 2 ) = 0. 

Thus there is no contribution from genus curves on the F side or in the neck (which is also 
a copy of F). The same argument shows that there are no rational curves in F, so the g = 
absolute and relative invariants are the same. 

With these observations, the only possibility is to have a genus 1 curve on the F side, genus 
on the E side, and no contribution from the neck. The symplectic sum formula thus says 

GW^inlf*}) = £ GW s+dlf , (E)-GW s+d2Ll (¥)( Tl [n) 

d\+d2=d 

This last invariant can be computed by applying the topological recursive relation to X = F just 



as in Lemma 15.1 



GW s+dftl {Ti[f\) = ^—^GW s+dffl + J2 diGWa^GWs+d^o + d 2 GW s+dlf , 1 GW d2 f, t 



12 , , , 

dl -+0.2 — 0, 



But the invariants of F satisfy GW d f,Q = GW s+d ffi = for d / by the projection argument 
above, while for d ^ Lemma [l4.4 gives diGW dl f t i = GW dl f t i(s) = 2a(d\). We therefore get 



./:/ .2f„-(G-^). nr.. 



Combining ( pX7|) with flDTp and noting that F (0) = GW Sj0 = 1 • t 8 we see that Fq satisfies 
the ODE 

t Fq = \2G ■ Fq 
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with -Fq(O) = 1 • t s . Hence 



F (t) = t a exp ^12 J G(t)/t dt 



Using the Taylor series of log(l — t) and some elementary combinatorics, this becomes 

12 



m=t s (n^) 



It remains to show ( 15,4 ) for g > 0. This case is different because for genus g > the relative 
invariants are no longer equal to the absolute invariants. We start by fixing a fiber F of E and 
introducing two generating functions for the genus g relative invariant: one recording the number 
of curves passing through g points in E \ F, the other recording the number of curves passing 
through g — 1 points in E \ F plus a fixed point on F: 



FY(f) 



i^;C 1 {f))t a 



FV{p)=Y.GW F s+df ^- l -C 1 {p)Y 



Using Lemma 14.8, we can relate the absolute and relative g = 1 invariants of E. 



Lemma 15.2 For X = E, the absolute and relative g = 1 invariants in the classes s + df £ 
H2(E{\)) are related by equations 

(a) F g = F g v (p)+F g v _ 1 (f).G' 



(b) F g 



F g V {f) 



(c) = Fj{p) ■ F + F g _! ■ FYip). 



Proof. To prove (a), we again write E = E#p¥ where F = T 2 x5 2 , and put g — 1 points on E 
and the remaining point on F. If we start with a class s + df the only possible decompositions 
are s + af and s + bf where d = a + b. Since there are g — 1 points on the E side, then the genus 
gi > g — 1. There are two possibilities: 

1. genus g in class s + df on E and genus in class s + bf on F. But that forces b = so 
a = d. 

2. genus g — 1 in class s + df on E and genus 1 in class s + bf on F 



Putting then together gives (a). Relation (b) is a reformulation of Lemma 14. S. 

Relation (c) is seen by applying the symplectic sum formula to the sum K3 = Ej^pE (the 
elliptic surface K3 = E(2) is the fiber sum of E = E(l) with itself). Because a generic complex 
structure on K3 admits no holomorphic curves, then all relative and absolute invariants of K3 
vanish. In particular, the genus g invariants through g — 1 points in the class [s + df] G H\2{K3) /1Z 
vanish, where 7Z is the set of rim tori corresponding to the gluing K3 = Ej^pE. 

So, for any g > 1, put all the g — 1 points on X\ and split as above. A dimension count shows 
that the genus of the curve on X\ must be at least g — 1, so the only possible decompositions 
are: 
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1. a genus g curve in the class s + d±F on X\ and a genus curve on X2 in the class s + d2/> 
d = d\ + d 2 ; 

2. a genus g — 1 curve in the class s + d±F on Xi and a genus 1 curve on X2 in the class 
s + d 2 /, d = di + ^2! 

The symplectic sum formula then gives = F^{p) . F + F^if) • FY(p), which simplifies by 
(b). □ 

Formula Q15.4 ) follows quickly from Lemma 15.2. Taking g = 1 in Lemma 15. 2d and factoring 
out Fo / yields F^ (p) = 0. Putting that in Lemma 15.2a and again noting that Fq shows 
that Fg(p) = for all g > 0. Parts (a) and (b) of Lemma 15.2 then reduce to 

F a = F a-i ■ G ' 



which gives ( 15.4| ) by induction. 



6 Appendix — Expansions of Relative TW Invariants 



The Gromov-Witten invariants described in Section 1 are homology elements — the pushforward 
of the compactified moduli space under ( |1.12 ). These can be assembled into a power series 



(1.17) with coefficients in homology. Often, however, it is convenient to write the GW and TW 
invariants as power series whose coefficients are numbers, preferably numbers with clear geometric 
interpretations. This appendix describes how that can be done for the relative TW invariants 
which appear in the symplectic sum formula. 

Such series expansions are easiest when we can ignore the complications caused by the covering 



(1.14), replacing the space H-xAs by * ne more easily understood space V s = V^ s \ That can 



be done by pushing the homology class of the invariant down under the projection e of ( 1.14 ), 
obtaining a 'summed' GW series 

GW\ = e* (GWp) = E GWx,A t A (A.1) 

agh 2 (x) 

whose coefficients are homology classes in U S T4. This is a less refined invariant, but has the 
advantage that its coefficients become numbers after choosing a basis of H*(V). 

Of course ( |A.l ) is the same as the original GW invariant when the set 1Z of (1.13) vanishes, 



that is, there are no rim tori. That occurs whenever H\{V) = or more generally when every 
rim tori represents zero in H2(X \ V). We will describe the numerical expansion under that 



assumption; the same discussion applies to (A.l). 



When there are no rim tori A is the union of those V s = with deg s = A ■ V . Fix a 
basis 7i of H*(V;Q). Then a basis for the tensor algebra on N x H*(V) is given by elements of 
the form 

C 8 ,i = C simi <g> • • • ® C s , m£ (A.2) 
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where Sj > 1 are integers. Let {C* 7 } denote the dual basis. When k S H*(A4) and a G 
T(i7*(X)), we can expand 

2W£(k, a) = ^ J- TWI a>x (k, a; C S)/ ) C* 7 ^ A~ x . (A.3) 



The coefficients in ( |A.3| ) have a direct geometric interpretation. Choose generic pseudoman- 
ifolds K C -M g ,n, M C X, and Tj C V representing the Poincare duals of k, a, and the jj 
in their respective spaces. Then TW\ A x (k, a; C s j) is the oriented number of genus g {J,v)- 
holomorphic, P-regular maps / : C — > X with C £ K, f(xi) € At, and having a contact of order 
Sj with V along Fj. Because of that interpretation, the C s j are called "contact constraints". 

While for the analysis is important to work with ordered sequences s, in applications it is 
more convenient to forget the ordering. The symmetries of the GW invariants allow us to replace 
the basis ( |A.2| ) with the one having elements of the form 

C m = n(^, 7i r- (A.4) 



where m = (m a ^) is a finite sequence of nonnegative integers. Generalizing ( p.. 11] ), we write 

l m l = n am<M «i! = n m 'v ! = ^2 m a,i degm = E a • m a ,i- (A. 5) 



a. i 



Let {z at i} denote the dual basis; these generate a (super) polynomial algebra with the relations 
z a ,i Zbj = ± Zbj z a ^ where the sign is + when (deg7j)(deg7 : /) is even. Then the generating series 
of the relative TW invariant is 

TW%( K , a) = J2 E TW IaJ*, «; C m ) [] U \~ x (A.6) 

A,g m a ,i mQ ' 4 ' 

where the sum is over all sequences m = (m a ^) as above and where the coefficients TW\ A x (k, a; C m ) 
vanish unless deg m = A ■ V. This generating series (|A.6j) is formally given by 



TW%(k, a) = J2 ™X,A, g ( «, «; exp ( £ C<^<M ) ) U \~ x . 
A,g 
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